Economics 212A, Homework 3 Anton Cheremukhin

December 16, 2006

Exercise 1

a) Bellman equations for the two states:

Vo =0+ 6 (Ey max,,geqo1y [ao (6') [V (0') — p] + (1 — o (6')) Vo] — Vo)

rVi(0) = 0 + 0 (Ey maxa, @)eqoy [aa (0) Vi (') + (1 — a1 (¢)) (Vo +p)] — Vi (6))

0" ~ f () is iid, defined on [0, 6]

b) ag(0) =1t Vi (0)—p>Vy  on(0)=1if Vi (0') > Vo+p

Therefore, ag (") = oy (§') except for a set of measure zero.

V1 (0) is strictly increasing in 6 because the Bellman equation preserves this property, and defines
a contraction mapping (%a < 1). Le. if we take an initial guess of V; (6) that is strictly increasing
in 6, then every next iteration of the value function iteration procedure will have this property,
and since it is a contraction mapping, the fixed point will also have this property. Therefore, the

> *
equation V; (8') = Vj + p has a unique solution, defining a cutoff rule 6*: a; (0) = { (1) g - g*
c) A steady-state equilibrium is a collection of objects: {Vpy, V1 (0), 6", p}
which satisfy the Bellman equations:
0~ 0
1) Vo= [Vor @)as + [ (i)~ 5l (0) a0
[4 0*
0* 0
@) VO =4+ [(Vorn) f@)ar+ [ i) f @) a0
[4 0*
0
the supply equation: (3) S=Eya(0) = /f (0') do’
o
and the cutoff equation: (4) V1 (6") = Vo +p
From the Bellman equations if follows that
0 0* 0 0*
Ve (1080 = [Vof @)a8 + [Vi@) 5 @) a8 =502 0) = §—p [ 1100
0" b o* 0

Therefore, “52Vy + p = ;%6‘/1 (6) — ¢ for any 6. Besides, V1 (0*) = Vo +p )
= Vot p="RVi(0) -5 ="2(Vo+p)—%  Hence, p="1L.
d) The number of sell transactions is equal to the number of agents transiting from 6 > 6* to

¢’ < 0*. Both are iid, so it is equal to the product of the probabilities of being above and being
below. Ny =Pr[0 >0 |Pr[0 < 6] =Pr[0 > 60" (1 —Pr[0 > 0%))

o
Notice, that Pr [0 > 6] = /f (0')d#' = S. Hence, Ny=S(1 —9).
6*

The total number of transactions per unit of time is 6 (Vs + Np) =205 (1 —5).



Exercise 2

a) Let there be a cost ¢ of each transaction, denote p, =p+¢, p, =p — c.

PVo = 0-+ 8 (Ey maxogyeqoay 00 (9 Vi (6) — pa] + (1 — g (6)) Vi] - Vi)

PV (6) = 0+ 8 (Ey mixoy @0, o0 (9) V2 () + (1~ 0 (8) (Vo + )] = Vi (6))

b) apg () =1iF V1 (0') —pa > Vo a1 (0)=1iff Vi (') > Vo +py

By similar logic V; (#) is strictly increasing in 6 because the Bellman equation preserves this
property, and defines a contraction mapping (#‘_5 < 1). Then the equation Vi (6;) = Vj + p; has a

1 60>0;

10 é<or

Also, notice that p, > pp = 0, > 0. Therefore, when ¢’ < 6, people only sell, when §' > 0,
people only buy, when 0, < 6’ < 0, people neither buy nor sell.

c) So, agents with § < 6, hold zero units of asset, agents with § > 6, hold one unit of asset.

03

Denote the probability of getting a low 6 < 6, by q;, = / f (") d#’and the probability of getting a
0

unique solution, defining a cutoff rule ¢; (i=a,b): a; (0)

: 0

high 0 > 0, by qu = / f(0')de'. Out of all agents the ones coming to the middle state from high
0

state are of measure qy (1 — gy — qr) and the ones coming to the middle state from low state are of

measure gz, (1 — gz — qz) . By Bayes rule, the fraction —— of agents in the middle state will hold

HTIL
one unit of asset, and the fraction quiqL of agents in the middle state will hold zero units of asset.

d) A steady-state equilibrium is a collection of objects: {Vj, V1 (0), 67,05, pa, Db}

which satisfy the Bellman equations:
o 0

05
(1) 5 Vo= [Vof (0)d0' + [ [Vi(0) —pa] f (6') 6
[
o 7

@ VO =4+ [Vovm) f@)ar+ 1305 0) a0

0

0
/f(@’)d@’ 0

5

0

/f(9’)d9’

0
Supply equation: (3) S = Eya (0') = 9‘*‘9*—/]‘7 (0') do’ + /f (0" do’ = % I = A
1—/f(0’)d6’0§ ba 1—/f(9’)d9’
0; o

and the cutoff equations: (4-6) Vi (6)) = Vo + pa Vi) =Vo+m  pa— pp=2c
e) Vi(fa) =Votpa  Vi(0y)=Votp,  pa— pp=2c

Oq
Combining the two Bellmans we get: 4+p,qn+ppqr = =52 (V4 (0) — Vo)—/ (V1 (8) — Vo) f(0)do
0y
Oq
51+ (Vi(0a) = Vo) au + (Vi (0) = Vo) ar = =52 (Vi (0) = Vo) — [ (Va () — V@) f (0) df
5 5
0y



Oa

Vi(0)— Vo= &+ -2 <v1<ea>—%>qﬂ+<v1<eb>—%)qL+/<v1<e>—%>f<e>d9 -

a 0
Aridsd A= () (s qL+m/0f a0+ 554 g a0

A:%QH+%QL+%/9f(0)d9 ‘/1(9>_‘/0:$+rr+5q +i£ﬁ5 rr+5/0f

Oa

pa:‘/l(ea)_‘/o:refé—i_gr%éq _’_iﬁa rr+5/0f( )d92p+c

0y
6a

:%(Qb)_‘/g:% greﬁﬁq +irif)5 TT+5/9f( )d@zp—c

O

Hence, % — % = = (V; (6,) = Vi (0)) = 0 (pu —py) = 2¢ =  |B=f—2c

Oq Oq

_ 0at6y 50, 0 | 6u 16u=0h, 6, 0f (6)do
2(r+9) rr+(5qH + rr-‘r(s rr-i— f r+6 2 r+9 +r+5 r 1 +r+5 r QL+T 7“+(5 f< )
Oy )
ba

Since %%quL%%/Hf (0) do = 76%597“(1—(11{) = 9bQL+2/9f 0o (1= qnu)

0y
ea
Ao b 10 [0F(h)dh|  unless 20f ) df) = ef ) df — Hf
r 2(r+96) rr+d ’
O

O
i.e. this formula would only be true if the distribution is umform fo ) = Q
f)S_QL+qH (qL+QH>S_QH:> (1_S)QH—SQL:> ( - )qH+5SqL_O

qHz/fw')de':l—/f<0'>de’=1—F<ea> 4L =F(6) = F (B — 2(r +6))

Hence, |—0 (1 — S5) (1 — F (0,)) +0SF (0, — 2¢(r +9)) =

The LHS is the flow of demand (buy orders) for the asset, and the RHS is the flow of supply
(sell orders) for the asset. Demand equals supply. The function is strictly increasing in 6, so the
solution is unique.

O

g) Assuming the statement (2) in (e) was right p = %2 — % - ?r+5 0f (0)do % =c

“5(1—8)(1— F(6.)) + 6SF (6 — 2¢(r +8)) = 0 "
Wo— P =2(r+0)  5(1—8)f(0)%+5Sf(0) (% —2(r+3)) =
Therefore, % = 25 (r + 0) 9 — B _9(r46)=2(r+0)(S—1)

Jc dc
0, o 0y\ _| r
Hence, (2= 186 — 1~ 1507 (9) (2 — 2) [258 — 1~ B4 (5




s s

Oa
In general, however, p = gflri%b) + Q%QH + gr%% + ér—}ré/ef () do
O

ot (20 %) 4 L (g2 ) 4 8L (0,F (8) — 0] () +
a0/ (60) (G — 52) =

= (25 — 1) + 22 (Squ + (S — 1) q) + 201 (0)
g) f(O)=1 F@)=1¢0 0 €10,1]
(1-8)(1—0)=8(a—2e(r+6) =  u=1-5+2eS(r+0)=1-5+5 0. —0)
9a:1—%6b Whenc—0, 6=1-5.

Hence, 22 =250 — 1 -2 (1 - 8) =1 (25— 1) (r +26) >0 if|S > }|

C

Exercise 3

a) If 2K > 265 (1 — S) then the competitive marketmakers can hold the whole capacity, so the
price of transactions is zero. There is no transaction cost. In this case there is only one cut-off as
in question 2, p = 6" /r.

b) If 2K < 20S (1 — S), then the competitive marketmakers can hold the whole capacity, so the
price of transactions has to go up. The number of selling orders in this case is equal to the number
of buying orders and equal to q’jr‘f; . The number of transactions per unit of time is 2¢ qj’fqﬁl . In
equilibirum it must be equal to capacity: 2 q‘i{HfgL = 2K.

qr="F ) qu=1-F(.,) (1-50—=F(0.))=S5F(0)

Hence, 6SF (0,) = K = F(6,) = £% F(0,)=1-:2F () =1- 1%
“1(1_ 1_K)_p-1(1K
c¢) The bid-ask spread is : 2c = e(ijrg; _| G I*ST‘;?S F(5%5)

Since F'(.) is an increasing function, so is F~! (.). Hence, the bid-ask spread decreases when
capacity goes up.

When § increases F'~! (1 — ﬁ%) — F! (%%) increases, but 7 + 0 also increases. So the effect
of the intensity of shock on the bid-ask spread is indeterminate. On one hand the fraction of the
population, which wants to buy and sell, but cannot do it increases. On the other hand, the shocks
come more often, and the time of match goes down, so the value of a match is discounted at a

higher rate.



