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Exercise 1

a) A =
∙
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¸
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¸
, C =

∙
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¸
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∙
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d1s
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¸
a1) (A⊗B) (C ⊗D) = (m*k)x(n*l) (p*r)x(q*s) Need n = p, l = r⎡⎢⎢⎣

a11b11
a11bk1

a11b1l
a11bkl

am1b11
am1bk1

am1b1l
am1bkl

a1nb11
a1nbk1

a1nb1l
a1nbkl

amnb11
amnbk1

amnb1l
amnbkl

⎤⎥⎥⎦
⎡⎢⎢⎣

c11d11
c11dr1

c11d1s
c11drs

cp1d11
cp1dr1

cp1d1s
cp1drs

c1qd11
c1qdr1

c1qd1s
c1qdrs

cpqd11
cpqdr1

cpqd1s
cpqdrs

⎤⎥⎥⎦ =
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(AC)⊗ (BD) =

µ∙
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¸ ∙
c11
cp1

c1q
cpq

¸¶
⊗
µ∙

b11
bk1
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¸ ∙
d11
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¸¶
=

= [Σn
i=1am0iciq0 ]⊗

£
Σr
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¤
=
£
Σn
i=1Σ

r
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¤
= (A⊗B) (C ⊗D)

a2) (A⊗B)0 =

∙
a11B
am1B

a1nB
amnB

¸0
=

∙
a11B

0

a1nB
0

am1B
0

amnB
0

¸
= (A0 ⊗B0)

a3)(A⊗B) (A−1 ⊗B−1) = (AA−1)⊗(BB−1) = I⊗I = I ⇒ (A⊗B)−1 = (A−1 ⊗B−1)
b) y = (I ⊗X)π + u E (u|X) = 0 V ar (u|X) = Σ⊗ IN

b1) π̂GLS =
¡
(I ⊗X)0 (Σ⊗ IN)

−1 (I ⊗X)
¢−1 ¡

(I ⊗X)0 (Σ⊗ IN)
−1 y

¢
=

= ((I ⊗X 0) (Σ−1 ⊗ IN) (I ⊗X))
−1
((I ⊗X 0) (Σ−1 ⊗ IN) y) =

= ((Σ−1 ⊗X 0) (I ⊗X))
−1
(Σ−1 ⊗X 0) y = (Σ−1 ⊗X 0X)

−1
(Σ−1 ⊗X 0) y =¡

ΣΣ−1 ⊗ (X 0X)−1X 0¢ y = ¡I ⊗ (X 0X)−1X 0¢ y
b2) V ar (π̂GLS|X) =

¡
I ⊗ (X 0X)−1X 0¢ (Σ⊗ IN)

¡
I ⊗ (X 0X)−1X 0¢0 =

=
¡
Σ⊗ (X 0X)−1X 0¢ ¡I ⊗X (X 0X)−1

¢
=
¡
Σ⊗ (X 0X)−1X 0X (X 0X)−1

¢
= Σ⊗ (X 0X)−1

b3) y = (I ⊗X)Gθ + u E (u|X) = 0 V ar (u|X) = Σ⊗ IN A = Σ⊗ (X 0X)−1

θ̂GLS = (G
0 (I ⊗X 0) (Σ−1 ⊗ IN) (I ⊗X)G)

−1
(G0 (I ⊗X 0) (Σ−1 ⊗ IN) y) =

= (G0 (Σ−1 ⊗X 0X)G)
−1

G0 (Σ−1 ⊗X 0) y = (G0A−1G)
−1

G0 (Σ−1 ⊗X 0) y = (G0A−1G)
−1

G0A−1π̂GLS

Exercise 2∙
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¸
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⎡⎣ σ11 0 σ12

0 x2σ11 0
σ21 0 σ22

⎤⎦⎡⎣ cα1bβcα2
⎤⎦ =

⎡⎣ y1σ
11 + y2σ

12

xy1σ
11 + xy2σ

12

y1σ
21 + y2σ

22

⎤⎦
cα1 = y1,cα2 = y2, bβ = xy1σ11+xy2σ12

x2σ11
⇒\αiGLS =\αiOLS,[βGLS =\β1OLS − σ12

σ22
\β2OLS

Exercise 3£
y1 y2

¤
i
Γ =

£
x1 x2 x3

¤
i
B +

£
ε1 ε2

¤
i

i = 1, n

V ar (ε|X) =
∙
σ11IN
σ21IN

σ12IN
σ22IN

¸
B =

⎡⎣ β11 β12
β21 β22
β31 β32

⎤⎦ Γ =

∙
1 −γ2
−γ1 1

¸

Π = BΓ−1 =

⎡⎣ β11 β12
β21 β22
β31 β32

⎤⎦∙ 1 −γ2
−γ1 1

¸−1
= 1

1−γ1γ2

⎡⎣ β11 + γ1β12 β12 + γ2β11
β21 + γ1β22 β22 + γ2β21
β31 + γ1β32 β32 + γ2β31

⎤⎦
The system is not identified without restrictions since we only have 6 values for 8 parameters

and none of the equations is separated. Need at least 2 restrictions.

1. Π|β21=0,β32=0 =
1

1−γ1γ2

⎡⎣ β11 + γ1β12 β12 + γ2β11
γ1β22 β22
β31 γ2β31

⎤⎦ All are identified.

2. Π|β12=0,β22=0 =
1

1−γ1γ2

⎡⎣ β11 γ2β11
β21 γ2β21

β31 + γ1β32 β32 + γ2β31

⎤⎦ Only γ2 and βi2 are identified.

3. Π|γ1=0 =

⎡⎣ β11 β12 + γ2β11
β21 β22 + γ2β21
β31 β32 + γ2β31

⎤⎦ Only γ1 and βi1 are identified.

4. Π|γ1=γ2,β32=0 =
1

1−γ2

⎡⎣ β11 + γβ12 β12 + γβ11
β21 + γβ22 β22 + γβ21

β31 γβ31

⎤⎦ All are identified.

5. Π|σ12=0,β31=0 =
1

1−γ1γ2

⎡⎣ β11 + γ1β12 β12 + γ2β11
β21 + γ1β22 β22 + γ2β21

γ1β32 β32

⎤⎦ Only γ1 and βi1 are identified.

6. Π|γ1=0,σ12=0 =

⎡⎣ β11 β12 + γ2β11
β21 β22 + γ2β21
β31 β32 + γ2β31

⎤⎦ Only γ1 and βi1 are identified.

7. Π|β22=1−β21 =
1

1−γ1γ2

⎡⎣ β11 + γ1β12 β12 + γ2β11
β21 + γ1 (1− β21) 1− β21 + γ2β21

β31 + γ1β32 β32 + γ2β31

⎤⎦ None are identified.

8. Π|β21=0,β22=0,β31=0,β32=0 =
1

1−γ1γ2

⎡⎣ β11 + γ1β12 β12 + γ2β11
0 0
0 0

⎤⎦ None are identified.

9. Π|β21=0,β22=0,β31=0,β32=0,β11=0 =
1

1−γ1γ2

⎡⎣ γ1β12 β12
0 0
0 0

⎤⎦ Only γ1 is identified.
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Exercise 4

A0 =

∙
I − Γ
B

¸0
=

⎡⎢⎢⎣
0 −γ21 0 −γ41 0 β21 β31 0 0
−γ12 0 −γ32 −γ42 β12 1 β32 0 β52
0 −γ23 0 0 β13 0 β33 β43 0
0 −γ24 −γ34 0 β14 β24 0 β44 0

⎤⎥⎥⎦
m = 4 R1 = 5 R2 = 3 R3 = 5 R4 = 4 Equation 2 is not identified. Equations

1 and 3 are overidentified. Only γi1, γi3, γi4, βj1, βj3, βj4 are identified.
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