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1. Envelope Theorem

Let F(a) =max f (x,a) s.t. g(x,a) >0, x>0, Assume, the solution is differentiable.

£(x, M a) = f(z,a) + \g (z,a) Then %4 — ££ o
OF(a) _ 0£ dx | 9L ON | O£ _ 9L _a£7a
SketCh Of prOOf Ba; = %% + N aa] + 8a Taj + 0 + 0= Da,
gf =0 or x; = 0 and therefore gx; =0. Same for A instead of x.
2. Two problems.
Primal problem Dual problem
max, {u(z)|p-x < I} min, {p - zju (z) > U}
u (z) - direct utility I =p-x - income
x (p, ) - marshallian demand x¢(p,U) - (hicksian) compensated demand
v(p,I) =u(x(p,I)) - indirect utility | M (p,U) = p-z°(p,U) - expenditure
e continuous e continuous
e homogeneous degree zero in (p,I) | e homogeneous of degree one in p
e strictly increasing in [/ e strictly increasing in U
e decreasing in p e increasing in p
e quasiconvex in (p, ) e concave in p
Roy’s identity: z; (p,I) = —% Sheppard’s lemma: OM (p,U) /Op; = x¢ (p, U)
a) Roy’s identity:  Imagine £ (x, \,p,I) = u(z) + X (I — px) v(p,I) =u(x(p, 1))
ov(p,I ov(p,I _Ov I) 0v(p,d)
ENV: (p ) = %‘f = A (g : ) — g;i = —\x; Therefore, z; = (p =/ ag =
b) Sheppard’s lemma: £ (z,\,p,U) = px + X (u(x) — U) M (p,U) =p-a°(p,U)
ENV: B 08 () )

c) M (p,U) concave: M (tp* + (1 —t)p*,U) = min, {(tp* + (1 — t) p?) - z|u (z) >

Ut >
> min, {(1 — t)p* - z|u (z) > U} + min, {tp' - z|u(x) > U} =tM (p',U) + (1 —t) M (p*,U)

3. Equivalence Relationships:

M (p,v(p. 1)) = v(p,M(p,U))=U
(p,])—:ff(p, (p,])) If(p,U)::L’iQ?,M(p,U))

Differentiating the last and using Sheppard’s lemma

o = oy T on ar = op, + xj=57~- Therefore:
. dw(pd)  9zS(pU Oz (p,I)
Slutsky equation: 6;:’; ) — 8(;]_ ) LT T (p,I) a? =SE+1IFE



4. Example: Midterm 1998, Question 1

Let u (x) = 2§23, p = (pr.p2), w = (w1, wy)
a) Find demands

Cobb-Douglas: p;z; = Cﬁﬁ (prwy + paws)

Therefore, 1 (p, ) = ﬁ% 2o (p, 1) = a/‘%ﬁplwlptpﬂm

b) Derive the expenditure function

«a B a+p3
v = () () (mame) =v
Therefore, M (p,U) = (o + ) (%)O‘QTB (m) T Uais

o a1 .
xtlj (p17p27U) = a_iﬁl% (CY +ﬁ) (%) ath <%> s Uaots = (pﬁl ,3> ath Ua+ﬁ

b (05 ®
:Ug (I7p17p2) - aLj—,Bplwlpzlhwz o <%p£2> Ues

do(p,1)/d
b1 81}(5,[) /@le

£ (p,w) =u(z) + X(prwr + paws — p121 — Paa)

c¢) Prove that 1 = wy —

: R v, _Ov(pD)/Opy _ _ 0L(pI)/Op1 _ _ Mwi—m1) _ z1—w
Using Roy’s identity: — 5o, I)/8w11 = —M(p’[)/awll = — Alpl LD L
Ov 0
Therefore, T = pl&)((gf—))//aill

d) When is the zndzrect utility convex in endowments?

« B a+p
v(p.k-w) = (,%) (%) (p—lkwéi?m) = v (p,w) k**7
82 ka+,3 ka+ﬁ 2 (Oé + B) (Oé + B — 1)
So ifa+p>1,v(p,w)is convex in w.

5. Elasticities:

_ 10z ; . — Dimi
Elx, I = 2% income share: k; = P*

Engel aggregation (Lemma, 4-2 page 4): Zn kE [z, 1] =1
"weighted income elasticities of demand sum up to 1"
Proof: Use I = pz(p,I)

ol O(pz(p,I)) __ " opidx " opwi T Omy "
l=51="ar"= E :1:1 or § :i=1 I @ ol § :i_ kilo [z, 1]

E [x;,p;] - cross-price elasticities, E [z;, pi] - own-price elasticity
Slutsky equation: F [x;,p;| = F [x5,p;]| — ki E [x;, 1]
Qw; _ 91f Az pj Oz _ p; 0% Ipj,. Ow
Proof: Ap; 8pj Ja1 x; Op; w5 Opj Ix; i a1
Pj Oz; pj 9xf  pjz; I Oz _
x_za_p;_ :L"i 8p; _%Za_f E[xZJPJ]_E[ z7pj] ]{?E[ZL‘“]]

Cournot aggregation (Lemma, 4-2 page 10): Zé_l kiE [x;,pj] + k; = 0 for all j.

For the compensated demand if follows that Zé_l kiE[z5,pj] =0

"weighted price elasticities of compensated demand sum up to zero"
Proof: Use I = pz(p,I)

o1 __ 9(pz(p,1)) § : 8mi(p,1)
0= Bp] _ Bpj =Ly + bi 8pj

p;z 81’1 p’ z; P DiZq 81’2(]’ I) p
0_33—'_2 Di T op; wzj_k—i_z I~ op; sz
Use Slutsky and Engel aggregation:



0=>" kE[a:Z,p] Ity =kt Y k(B laf ;] — kB, 1)) =
= Zi:l i (B ]af, ps]) + kj = Zi:l kzkjE [3727[] = Zi:l ki (E [z, p5])

Elasticity of substitution (2 goods): E [z—%,pl] = plf;_ga%l <i—f)

B|%.p] = pi n2 = pig (nas — Inag) = a5, pi] — Blaf,pi
Cournot: 0= ki F [x§, p1] + ko E [25, p1] =
0=k E[25,p1] + k2 (E [%;m] + B [xi,p1]>

0=k (—E [I—é,pd +FE [$§7P1]) + ko B 25, pi]
Therefore, E [ c,p1] = —E[x,j;pl] = E[fl’pl] =—-F [%,Pl} =0

Using this, one can show, that E [z§,p] = —keo Ez5,p1] = ko,

Using Slutsky, E [z1,p1] = — (1 — k1) 0 — k1 E [z4, I] - decomposition of own price elasticity.

6. Example: CES.

CES: U (¢) = (Zé;) - ,o0>0,0#1

i=1
1Ly 1
n 1_1 -3 1 n 1-1 -2 1
9 _ 1 — 1\ ~% _ 5 — _
aciU (c) = 1—T § G ( - E) G - = § G G =
7 \i=1 ) i=1
=Ue)  3.U()
FOC: %U (c) = Ap; = dc’pi = 3pj &
1

(M)é (Uc(-C)) 7 1 1 o .

i — J T — M0 DPi — 9

pi P g pici = Pi€; < (PJ'> oG
n n

M (p, U):U/(En: (pi)l“’) - ¢ (p, 1) = =
‘ () (Zm)”)

i=1

c g
E[Z—Zmpz} a -In = 4 *pmp In (p]> :pia%ia(lnpi—lnpj) =0
CES utility - constant elasticity of substitution.



