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Question 1:

Consider the simple consumption model given by

ci = β1 + β2y
∗
i + ui, ui ∼ i.i.d. (0, σ2),

where ci is the logarithm of consumption by household i, and y∗i is the permanent income of
that household, which is not observed. Instead, we only observe the current household income
yi

yi = y∗i + vi,

where vi ∼i.i.d. (0, ω2), is assume to uncorrelated with y∗i and ui. Consider now the regression

ci = β1 + β2yi + εi.

Under some assumption it is reasonable to believe that the true parameter β20 is positive.

a. Show that yi is negatively correlated with εi.

b. Using the result in (a), compute probability limit of the OLS estimator for β20, say bβ2,
from the second regression. show that this probability limit is less than β20.

Question 2:

Suppose that the data generating process that simultaneously determine x and y is given
by

y = xβ0 + σuu,

x = wπ0 + σvv,

where y, x, u and v are all n × 1 vectors, u and v have standard normal distribution and
E(uivi) = ρ. Suppose also that there exist an instrument for x, say w. Assume that w0w = 1.

a. Show that E(ui|vi) = ρvi, so we can write ui = ρvi + εi, where E(εi|vi) = 0.

b. Define the instrumental variable for β0, say bβIV .
c. Show that for the estimator defined in (b)

bβIV − β0 =
σuw

0(ρv + ε)

π0 + σvw0v
,

where ε = (ε1, ..., εn)0.
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d. Show that if σv = 0, then the estimator defined in (b) is an unbiased estimator for β0.
Interpret this result.

Question 3:

Consider the regression model given by

yi = x0iβ0 + ui, i = 1, ..., n,

where xi is a k×1 vector of regressors and β0 is a k×1 vector of unknown parameters. Assume
that ui ∼ i.i.d.(0, σ2u), but E (xiui) 6= 0. Let zi be an l × 1 vector, with l > k.

a. What would constitute zi as an instrument for xi? Discuss briefly.

b. Suppose we define
β̂IV =

¡
X 0ZA−1Z 0X

¢−1
X 0ZA−1Z 0y

where X is a n× k matrix with rows given by x0i, y is an n× 1 vector of the stacked yi, Z
is an n× l matrix with rows given by z0i, and A is an n× n non-stochastic, non-singular,
matrix. Show that β̂IV is a consistent estimator for β0.

c. Show that, under some regularity conditions,

√
n
³
β̂IV − β0

´
D−→ N(0,Λ),

and provide Λ.
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