188 12. OPTIMAL TAXATION WITH COMMITMENT
Exercise 12.1. A small open economy (Razin and Sadka, 1995)

Consider the non stochastic model with capital and labor in this chapter, but
assume that the economy is a small open economy that cannot affect the interna-
tional rental rate on capital, r;. Domestic firms can rent any amount of capital at
this price, and the households and the government can choose to go short or long
in the international capital market at this rental price. There is no labor mobility
across countries. We retain the assumption that the government levies a tax 7"
on households’ labor income but households no longer have to pay taxes on their
capital income. Instead, the government levies a tax 7/ on domestic firms rental
payments to capital regardless of the capital origin (domestic or foreign). Thus, a
domestic firm faces a total cost of (1+7F)r} on a unit of capital rented in period ¢.

a. Solve for the optimal capital tax 7F.
b. Compare the optimal tax policy of this small open economy to that of the
closed economy of this chapter.

Solution

a. and b. The household problem is to choose consumption, labor, capital and
bonds holding {c;, ¢, k21, b 15, so as to maximize
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(129) Z Bru(c, 1 —ny),
t=0
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and a transversality condition. No arbitrage imposes that R; = 7}, + (1 —9).
The government has the budget constraint

G

b
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where b denotes government debt and k; is the total capital stock of the econ-
omy, that may not be entirely owned by domestic household. A transversality
condition needs also to be added to the government budget constraint. Firm’s
profit maximization implies :

(132) Fi(kene) = (1470
(133) Fn(kt,nt) =  Ws.
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Add (130) and (131), and use the homogeneity of degree one of the production
function to obtain

(134)

bi, — b, B (L H

— + (1 =0+r)(k' — k).
t

Observe that, since both the government and the households can borrow and save
in the international capital market, the resource constraint of the close economy
does not necessarily hold. First, b may be different from b7 which means that
all government bonds are not necessarily owned by domestic households. b¢ — b?
may be interpreted as the country deficit. Similarly k; may be different from k7.
If k; > kF then some domestic capital is owned by foreign investors. If on the
other hand k; < k| then domestic investors own foreign capital.

Ct + ki1 + g + (ktI:IH — kpy1) + (] = bf") = F(ky,ne) +

The primal approach to the Ramsey problem in this small economy context is
to maximize the representative agent utility subject to the intertemporal budget
constraint of the household and the intertemporal budget constraint of the gov-
ernment. Observe that those two intertemporal budget constraints do not imply
the resource constraint of the closed economy. To write these constraints, we note
that the first order conditions of the household’s problem give

(135) Bluc(t) = Xog;
(136) Blu(t) = Xogi (1 — 77wy,

where )\ is the multiplier on the time zero budget constraint and 1/q; = Rf_ R} ... R}.
The intertemporal budget constraint of the household becomes

—+00

wn > (de- s

t=0

U (t)

- (O)Rt) = ((1=6) +ro(1 —75)) ko + bo.

To write the government intertemporal budget constraint, we note that
ﬁkrfk‘t + Tt"wtnt = (1 + ?tk)rz‘kt + wny — ’l":k’t — (1 — Tt”)wtnt

= F(kt,nt) — T:]Ct — (]_ — Tt")wtnt.

So that the intertemporal budget constraint of the government is

+oo
(138) bg + Z q (gt — 7k, + Tt"wtnt) —
=0

+o00 U (t)
(139) b+ (QZ‘gt —p
t=0 ¢

u(O>nt—|—qu(k:t,nt)—qfrfkt) = 0.
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The Ramsey problem is to choose {¢;,ny, kiy1} to maximize (129) subject to
(137) and (139). Observe that the capital stock appears only in the government’s
budget constraint. Taking derivative in the Lagrangian with respect to k; yields

(140) Fi(t) =7
which, together with (132) implies that 7 = 0 for all t > 1.

Exercise 12.2. Fxercise 12.2 Consumption Tazes

Consider the non stochastic model with capital and labor in this chapter, but
instead of labor and capital taxation assume that the government sets labor
and consumption taxes, {7;*,7f}. Thus, the household’s present-value budget
constraint is now given by

Zq?l—kn :Zq (1 — 7)) wing + [ro + 1 — 6] ko + bo.
t=0 =0

a. Solve for the Ramsey plan.

b. Suppose that the solution to the Ramsey problem converges to a steady state.
Characterize the optimal limiting sequence of consumption taxes.

c. In the case of capital taxation, we imposed an exogenous upper bound on
78, Explain why a similar exogenous restriction on 7§ is needed to ensure an
interesting Ramsey problem. (Hint: Explore the implications of setting 77 = 7¢

and 7;* = —7¢ for all t > 0, where 7¢ is a large positive number.)

Solution

a. We follow the steps described in the paragraph “constructing the Ramsey
Plan”.
Step 1: Write the household’s problem

We first recall the household problem when trading is sequential. The household
chooses consumption, labor, capital and bond holdings {c;, n¢, ki1, bey1 155 S0 as
to maximize

+oo
(141) > Bule,1—mny),
t=0
subject to
b
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t

Attach a Lagrange multiplier 3')\; to time ¢ budget constraint. The first order
conditions of the household’s problem are:
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et Bluc(t) =N(1+7)
ne s Slun(t) = (1 — 7wy
ki At = g1 [reg1 + (1 = 0)]

. A _
bt R—tt = BAty1-

Observe that the previous equations imply the no-arbitrage condition

(143) Rt = Tt41 + (1 - (S)

To apply the primal approach, we need to reformulate the household problem in
the context of time zero trading. We thus define 1/¢) = R, 1R; 5...Ry. We
have

(144) Bluc(t) = Aogt(1+7f)
(145) Blun(t) = Xogi (1 — 7wy
Observe that and imply in particular that

@+ = BuEgl)

G-, = BEE(1+75).
Furthermore, (144]) and (145) also show that the household choice of consumption
and labor maximizes

400
(146) Z Bu(er, 1 —ny),
=0

subject to an intertemporal budget constraint

(147) th + 7y <thwt Mg 4 (ro + (1 — 8)) ko + bo.
Step 2: erte the 1ntertemp0ral budget constraint.

The intertemporal budget constraint is

S 81 + ) (welt)er — w®)ne) = ua(0) (ro + (1 — 8))o + bo) .
Let A = ua(0) (ro + (1— 6))ko + bo).
Step 3: Form the Lagrangian.

Now define:
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Vicw,ne, @) = ule, 1 —ny) + @1+ 76) (ue(t)er — wit)ny).
The Lagrangian associated with the Ramsey plan is:

“+o0o
J = Zﬁt {V(Ct, Ty, q)) + Gt (F(kt, nt) — (1 — 5)kt — Ct — G — kt+1)} — q)A
t=0

The first order conditions are:

a: Vi) = 6, t>1

ne: Vlt) = —0,F, (1), t>1

k't+1 : Ht = ﬁ@tH[Fk(t + 1) + (1 - (5)], t Z 0
co: Vo(0) = 6p+ DA,

The Ramsey Plan is thus solution of the following system of difference equations:

Vo(t) = BVt +D[F(t+1)+1-0], t>1
Vo(t) = =V.(t)F.(t), t>1
Vo(0) = [®A. — VL(0)]F,(0) + ®A,.

e+ g+ kipr = Fke,ne) + (1 = 0)ky

> B+ 76) (ue(t)er — wi(t)ng) — A =0.
b. Assume this system converges to a steady state. Remember that the no-
arbitrage condition (143) must hold, that is R; = qgiol = (1—7F)F(t+1)+1-46.
The steady state version of the first difference equation defining the Ramsey plan
is 1=p8[(1—7f,)F(t+1)+1—6]. So that:

¢ _ 1
o " 5
i1 154
On the other hand, the first order conditions of the household problem gives:
P47 ulh)
q?+1(1 + 7)) Buc(t+1)
In steady state, this becomes:

Q+7) _
(L+784)
Which proves that the steady state consumption tax is constant.

c. Consider the household problem under the suggested taxation scheme:



Max,, y+oo 1,1+ Zt o Fulce, 1 —ny)
subject to

ZZFE g (1 +7%c; = ;“’5 @ (1 4+ 7wy + (ro + (1 = 0)) ko + bo.

The budget set is more conveniently described as:

- ~ (ro 4+ (1= 6))ko + bo
> — ) = ST

t=0
So that it is now apparent that this taxation scheme is equivalent to a lump sum
tax on time 0 assets (capital and bonds) and and no other tax afterwards. As we
know, this scheme is optimal because it does not induce distortion. Therefore, in
order to study what an optimal distortive tax on consumption would be, we need
. . N c
to impose an upper bound on 7.
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