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Abstract

We present a dynamic model of discrete choice with limits on agents’ ability to process informa-
tion. Using a unique experimental dataset, we provide empirical evidence to the theoretical findings
that people: a) behave probabilistically; b) pay less attention and, as a result, are more prone to
error when differences between choice options are smaller; c) as the experiment progresses, tend to
make more consistent and sharper choices. We show that experimental evidence agrees more with a
setting in which participants vary their cognitive capacity rather than have a fixed bound on their
knowledge, as postulated by many bounded rationality models.
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1 Introduction

Since the findings of Mosteller and Nogee (1951) the behavioral choice literature has confronted the
challenge of modeling bounded rationality. One particularly troubling aspect of bounded rationality
is the inconsistency of choices when a decision maker faces the same choice options repeatedly.
Profound variablity of choices made by the same decision maker within the same experimental
session is a well-established finding in the literatureﬂ

Most responses to this challenge from the micro literature have focused on developing probabilis-
tic choice models which can fit the observed error distributionsEI The majority of these models are
static. By contrast, the macroeconomic literature has mostly focused on developing dynamic models
of bounded rationality, capturing repeated choices in relevant dynamic stochastic macroeconomic
settings (e.g., consumption and pricing behavior)ﬁ

We propose a unified approach to modeling bounded rationality in macroeconomics and in be-
havioral choice. To bridge the gap between these literatures we develop a dynamic theory of discrete
choice under rational inattention. Our theory extends the cross-sectional dimension of rational inat-
tention theory by introducing explicit costs of processing information. This extension makes our
dynamic theory compatible with both macroeconomic settings and behavioral experiments with
repeated choices.

To test the predictions of our theory, we use a unique experimental dataset where each partici-
pant faces each set of options 60 times. This dataset allows us to obtain estimates of information
costs for each participant, and investigate their dynamic behavior over the course of two experimen-
tal sessions. Our estimates inform both the behavioral choice literature and the macro literature on
the best common approach to modeling bounded rationality. Our main findings can be summarized
as follows.

First, we find that the majority of participants in the experiment actively respond to incentives

by processing more information and being more accurate when stakes are higher. Thus, models in

IFor a discussion of these issues see among others Hey and Orme (1994), Hey (2001), Regenwetter et. al. (2010)

and (2011).
2Major works on probabilistic choice models include, among others, Fechner (1860), Thurstone (1927), Luce

(1959), Block and Marschak (1960), Yellott (1977) and Falmagne (1978).
3The growing literature on applications of rational inattention includes among others Mankiw and Reis (2002),

Moscarini (2004), Gabaix and Laibson (2005), Reis (2006a) and (2006b), Mackowiack and Wiederholt (2009), Tutino
(2011) and (2012).



which agents can rationally adjust information processing capacity, as if facing a linear subjective
cost of information, are empirically more sound than models with fixed thresholds as constraints
on information, commonplace in the macro literature.

Second, our dynamic theory predicts that over time a decision-maker uses her capacity to acquire
information about the environment, which leads to an improvement in the consistency of her choices.
In agreement with this prediction, we find that the observed ability of participants to process
information and the consistency of their choices gradually increase during the experiment.

We find that for the majority of participants, 60 repetitions of each set of options are barely
enough to acquire knowledge of the experimental setup. Given that, apart from the number of
repetitions, our experimental design is standard practiceﬂ this finding suggests that such a large
number of repetitions is absolutely necessary to distinguish both probabilistic choice theories and
decision theories.

We model a person’s limited ability to process information using Shannon’s (1948) information
theory and, in particular, Shannon’s channel capacityﬂ In our model, people choose their preferred
amount of information and allocation of attention under the constraint that they have limited
capacity to process information. We capture the idea that processing information is costly by
associating a utility cost to the capacity of the channel.

From the channel capacity, we disentangle a cognitive constraint, i.e. the capacity constraint
imposed by the information available, from a perceptional constraint, i.e. the limits to attention
imposed by the decision maker’s utility associated with the outcomes. From a modeling perspective,
these two constraints map onto two specifications of the cost function. The first specification
postulates a fixed bound on the cognitive capacity of processing information, reminiscent of many
bounded rationality modelsﬁ The second specification postulates a linear cost associated with
processing information with varying capacity.

Using experimental data, we are able to characterize the relative importance of these two con-
straints in people’s decisions. We compare the number of people in our sample for which the

assumption of fixed capacity cannot be rejected with the number of people for which the capacity

4Most experiments repeat each set of choice options no more than 5 times, and pool choices among participants.
Hey and Orme (1994), Harless and Camerer (1994), Holt and Laury (2002) and Birnbaum (2008) are prominent

examples among this majority, while Regenwetter et. al. (2011) belongs to rare exceptions.
5For a discussion of uses of information and knowledge and other related issues see Section 6.
6See, e.g., Rubinstein (1998); Gabaix (2012); Mankiw and Reis (2002); Mackowiak and Wiederholt (2009).



varies but the shadow cost of processing information is fixed. We find that the behavior of the
majority of participants agrees with the varying capacity specification.

We use a unique dataset collected in Michel Regenwetter’s laboratory at the University of
Illinois at Urbana-Champain to provide empirical support to our theoretical predictions. The
experimental design allows us to estimate costs of information processing at the individual level
using likelihood methods. We provide an upper bound on the information costs when the data
are read through the lens of a static version of the model as opposite to the dynamic model. The
purpose of using a static model is twofold. First, since the static model is solvable in closed-form, the
estimates are transparent. Second, our static model of rational inattention is directly comparable
with probabilistic choice models in the literature.

The relationship between rational inattention theory and the logit model of discrete choice has
been independently discovered by Matejka and McKay (2012). They study a special case of our
static model with non-stochastic choice options. Our paper extends the discrete choice rational
inattention theory to dynamic settings and shows that the data agree with its dynamic predictions.

In a model close to ours, Woodford (2012) studies a decison-maker’s optimal perceptual distor-
tion in a stochastic environment. Explicit modeling of discrete choices in repeated settings as well as
the dynamic theory of evolution of perceptions make our contribution distinct and complementary
to Woodford’s approach.

The paper also relates to Fudenberg and Strzalecki (2012) who study stochastic dynamic choice
rules. While in their paper the decision maker’s dynamic decisions in different periods are driven
by two types of recursivity axioms, in our paper the dynamic decisions are guided by the decision
maker’s endogenous choice of information in each period.

Our paper relates to the dynamic decision field theory of Busemeyer and Townsend (1993).
Consistent with their finding on the trade-off between speed and accuracy in decision making, we
document that such a trade-off is guided by people’s utility and modulated by their information
processing constraints. In contrast to decision field theory, our theory predicts endogenous changes
in the behavior of participants over the course of the experiment, when exogenous conditions are
unchanged.

Finally, the paper contributes to the bounded rationality literature prominent in economics.
Much in the spirit of Gabaix (2012), the paper proposes a tractable cost function capturing the

limits to people’s ability to process information. Different from Gabaix (2012), as well as from



Mankiw and Reis (2001) and Mackowiack and Wiederholt (2009), our paper shows that a bound
on the information-processing capacity is not supported by experimental data. Meanwhile, we find
that a linear shadow cost of processing information associated with a varying capacity utilization
is in agreement with the data.

The paper is organized as follows. Section 2 introduces our dynamic model which is used to
make testable predictions. Section 3 describes the experiment and the methodology applied to
experimental data. Section 4 shows the results and compares different decision theories. Section
5 concludes. All proofs are in an appendix. Another appendix covers a discussion of rational

inattention as a theory of probabilistic choice and elaborates on coding and knowledge.

2 Theoretical Framework

This section formally establishes the theoretical environment of the paper. First, we describe the
information processing constraint. Then we proceed to illustrate the decision maker’s problem in a
setting that allows for repeated choices. In order to ease the comparison of our theory with existing
statistical models, we further provide a version of the decision-maker’s problem in a static environ-

ment. We conclude this section with a set of testable predictions arising from both environments.

2.1 Information processing constraint in a discrete environment

Consider a decision-maker (DM henceforth) faced with a choice among K risky alternatives (gam-
bles). Each gamble k € {1,..., K} has J possible outcomes with X, representing payoffs and py;

respective probabilities:
J
J Z }
k: {ijapkj}jzla DPkj = 17 Je {17 ceey J} .
j=1

Following rational inattention theory, we allow the DM to choose a probability distribution {sy, }

over options, where s (k) denotes her probability of choosing gamble k:

K

{s(h)heys  Y.slh)=1, ke{l,.,.K}.

k=1
We also allow the DM to have a prior bias towards one option against any other, which may
stem from the way these gambles are presented or from her own experience. We denote the DM’s

prior distribution over options as {go (k)}, defined in the same way as {s(k)}.



The amount of information processed by the DM reflected in her choice of s (k) is captured by
Shannon’s Mutual Information between the random variables K and J. The mutual information

between K and J denoted as Z (K; J) is given by:

K .
T =33 (k) o, (%;L) ,

where f (k,j) = s (k) pr; is the joint distribution of random variables K and J.

Note that there are two sources of information about K whereas the only source of information
about J rests on py;. However, the DM has no means of influencing the possible outcomes in J by
affecting the probability py;, as evident by the definition of {go (k)} in her prior. As noted in Cover
and Thomasﬂ in this special case of independence between random variables, mutual information
takes the form of relative entropy, a quantity measuring the distance between the chosen probability

distribution, {s (k)}, and the prior, {go (k)}. It follows thatﬂ

K J
T(T) =3 s (k) iy log (S(k)p’“) (1)

P — 90 (k) Dr;
K
s(k
=S stoms (210 ) = (s ) 190 (1)
k=1 g0 (k)
We can relate the previous expression to entropy and mutual information by writing:
K
d (s (k) || go (k) = =H (K) =Y 5 (k) logy go (k) 2

k=1

where H (K) in is the entropy of the random variable K and correseponds to the mutual
information of a random variable with itself (also dubbed “self-information”) and the second term
is the distortion introduced by the prior {go (k)}.

The interpretation of this quantity is that the more information the DM processes about the
gambles with respect to her original prior {gg (k)}, the higher the relative entropy. Following rational
inattention theory of Sims (2003), we shall model bounded rationality of the DM by constraining
the amount of information she can process. To ease on notation, in the remainder of the paper let
us define:

1(s ()3 90 (k) = d (s (k) || go (k).

7See Cover and Thomas (1991), Chapter 2.
8This equivalence has been noted in Shannon (1948) and discussed in Cover and Thomas (1991).




2.2 The Dynamic Model

Consider a game (experimental setup) that is composed of questions, denoted by ¢, and answers
denoted by k.We begin by defining the space of questions as {2, which contains ) elements and the
set of answers as (), containing K elements. We assume that each question ¢ € €2, can be answered
with each answer k € (. Answers and questions respectively are mutually exclusive. The state
space contains all the combinations of questions and answers and it is denoted by € = Q; x Q.
Elements of the state space w = (q,k) € 2, represent pairs of potential questions and answers to
them. We shall use w and (g, k) interchangeably.

We define the state variable g (w;) of the DM as a probability distribution over all pairs of
questions and answers in period ¢. The variable g (w;) represents prior beliefs of the DM about
the probabilities of each combination of a question and an answer occurring in the current period.
These are the beliefs the DM is endowed prior to seeing the computer screen in period ¢. Thus,
g (wy) is a function g : Q — [0, 1] characterized by:

S =3 S glank) =1,  g(w) >0,V

wr€Q 41 €Qqk €Q

The stochastic process which governs the realizations of questions and possible answers to them
is assumed to be first-order Markov, with a law of motion characterized by the transition matrix
P(wpyr|we) + @ x 2 — R. Consistent with our experimental setting, we assume that answers
and questions evolve independently from each other with a computer selecting the next question
using a transition matrix r (¢:11/g:) for the questions and p (ki11|k:) for the answers. Thus, the
transition matrix for the system is given by P (wit1|wt) = 7 (ge41]Gt) ®p (kty1|k:) where “®” denotes
Kroenecker product.

Let @ represent the observation of the computer screen by the DM. We assume that the random
variable & takes a value in 2. Let the variable p (w¢,@;) be the joint distribution of (w,@) which is
chosen by the DM at time ¢. Let h(w;) = >, p(w:, @) be the marginal probability distribution
from which the DM draws her answers at time ¢t. We assume that the DM chooses such a probability
after seeing the computer screen.

The probability of selecting answer k given the last observation @ equals:

s (kelo) = Y p (g kelan) - (3)

qt€Qy



From the DM’s perspective, the transition function is a function R(wit1,Wi+1 |we,@r) @ Q2 X
Q x Q x Q — R which maps current values of (wy, ;) into their future values. The relationship
between R(wit1,Wry1 |we, @) and P (wit1|we) is given by manipulating the joint distribution of
(Wig1, Oyt |we, W) denoted by M (wi1, @41, wt, @r). Let N (0441, Dp41|we, wi) be the distribution
of current and future observations (@11, &) conditional on current and future values (w¢41,w;) and
note that by Markovianity such a function boils down to N (@¢11,0pr1|we, wy) = f(@pr1|wirr) =
% Recall that h (w¢) = 3, p(wi, ;). Then the relationship between R (:) and P (:)
is given by:
[ @ep1|wesr) (P (wiga|we) b (wr))

p ((Ut, (:Jf)

_ felwe) o
- f(ajt|wt) P( t+1‘ t) (4)

R(Wt+1,@t+1|wt,@t) =

We can cast the DM’s problem into the following Bellman equation:

W(g (wt) |wt = max Z V wt|wt kt|wt) C(I‘it)

p(we 7wt)

+8 Y WG (@en1) [@r41) R (@er, Drr |wr, Gr) 5 (el ()
w+1€Q
s.t.

p(wy, &
ke =1 (p(wg, @), Z Zp we, W) logg ————— p(wr, &) (6)

wi€EQLLEN ( )

gt (@es1) = Y D R(wisn, Grglwe @) © p (wr, @)

W41 E€EQWLEN
=Y (Pwilw) h(w) © D f(@rpalwia) (7)
=) A=)
p(wt,dzt) Z O ZZp (U)t,d)t) = 1, Vt (8)

we @y

The value function in takes up as argument the distribution of the prior ¢ (w;) in t. The vari-
able p (wy, @;) is chosen to maximize the current expected value V (w¢|@;) as well as the discounted
continuation value W (g;+1 (wir1) |@¢) both conditional on having observed @;. The continuation
value depends on the state one period ahead, g¢11 (wi41). We assume that the discount factor is
bounded: 8 € [0,1).

The cost of processing information is denoted by C (k) which is an increasing convex function

of the information processing capacity, k¢, whose functional form is described in @ Note that the



DM’s information-processing capacity, k;, may change as ¢t unfolds. The interpretation of capacity
that varies with ¢ is that people may choose to vary their information-processing needs as their
experience progresses according to the environment they face. For instance, a choice that involves
a large sum of money may call for bigger attention effort than a choice where modest amount of
money is involved.

The law of motion of the state variable in equation is derived using Bayesian conditioning by
convoluting the transition function R (w¢41,Ws11|ws, @¢) with the choice made by the DM, p (wy, @;).
The symbol “®” denotes such a convolution. Equations describe the consistency requirement
that the distribution chosen is a proper distribution.

The system — fully characterizes the dynamic problem of the DM. We now turn to estab-

lishing the properties of this dynamic problem and deriving testable predictions from it.

2.2.1 Properties of the Bellman program

The purpose of this subsection is twofold. First, it establishes existence and uniqueness of a solution
to the system — and properties of the solution. Then, it derives the dynamic behavior of beliefs.
First, note that all the constraints are concave. In fact, all the constraints but @ are linear
in p(w,®) and g (w). For (6]), the concavity of the problem with respect to p (w,@) and g (w) are
guaranteed by Theorem (16.1.6) of Thomas and Cover (1991).
Next, we prove convexity of the value function and the fact that the value iteration is a con-
traction mapping. The following theorem provides the desired result. All proofs are in Appendix

2.

Theorem 1 For the system @-(@, value recursion H and two given value functions V and U, it
holds that
|HV — HU|| < B[V = UJ|,

with 0 < 8 < 1 and ||.|| the supreme norm. That is, the value recursion H is a contraction mapping.

Proof. See Appendix 2. m

The theorem can be explained as follows. The space of value functions defines a wvector space
which is closed under addition and scalar scaling and the contraction property ensures this space
to be complete, in the sense that all Cauchy sequences have a limit in this space. The space of

value functions together with the supreme norm form a Banach space and the Banach fized-point



theorem ensures (a) the existence of a single fixed point and (b) that the value recursion always
converges to this fixed point (see Theorem 6 of Alvarez and Stockey, 1998 and Theorem 6.2.3 of
Puterman, 1994).

The following theorem shows the convexity of the value function in the program @—@:

Theorem 2 If the utility is bounded and if p (w, ) satisfies (@—(@ then the recursion (@ i conver.

Proof. See Appendix 2. =

The proof of Theorem 2 shows that the recursion for the program @—(@ is convex and can be
represented as a set of || —dimensional hyperplanes. In the proof, the convex property is given by
the fact that the n—step value function W, (g) is defined as the supreme of a set of convex (linear)
functions and thus, obtains a convex function as a result. The optimal value function W* (g) is the

limit for n that goes to infinity and, since all W), (g) are convex functions so is W* (g) .

2.2.2 Long-run Behavior

We now establish the dynamic behavior of the Markovian processes governing the state variable by
showing the convergence of the distribution h (wi) = 3_,, p(wi, 1) to g(w) where g (w) is defined
as the limiting distribution of the prior g (w;). We shall proceed in three steps. First we show that
the transition matrix R (:) = R (w41, @s41|wt, wt) converges to P, P = P (w11|wt) and its unique
invariant distribution h (w) — g(w). Second, we show that the distance () decreases over time.
These results help us with generating testable predictions for the dynamic behavior of the DM.
The first task is concerned with the long-run behavior of the transition matrixes. Let py =
p (wo, o) be the distribution over  from which the initial values (wg, &) are drawn and let (wy, o)

be a Markov chain (92, pg, R) and define Pr (wi1; = 2,044 = x|wy = 4,0 = y) = (Rl) as an

(z,2,1,y)
element of the matrix R to the power of . The following result applies:

Lemma 1 The transition function % Z;‘F:_Ol R? converges as T — oo to the transition function
P.
Proof. See Appendix 2. m

This result shows that the variable R, which captures the dynamic beliefs of the DM about the
transition process, converges to the true transition process, P. We use the lemma to prove the

following:

10



Lemma 2 There exists an invariant distribution. Moreover, any row of P is an invariant
distribution and any invariant distribution is a conver combination of P.
Proof. See Appendix 2. m

We are still left with the case where multiple invariant distributions may occur. The following

lemma establishes the existence of a unique ergodic set for P.

Lemma 3 There exists a unique ergodic set in ), E, for the transition function P.
Proof. See Appendix 2 =

Applying theorem 11.2 of Stockey, Lucas and Prescott leads us to conclude that, given Lemma
3, R has a unique invariant distribution given by g (w) . From the previous results, we can state the

following result:

Theorem 3 The asymptotic distribution of h(w) =), p(w,w) converges to g(w).
Proof. See Appendix 2. m
Next, we turn to the limiting dynamic behavior of @ The following theorem shows that @

decreases over time

Theorem 4 Let p(wg,w;) and g (wi) be two probability distributions of a finite state Markov
chain at time t. Then d(p (&, we) ||g (wi)) is monotonically decreasing. Moreover, the limit of this
distance is positive:

lim (d (p (@, we) |lg (wi))) > 0.

t—00
Proof. See Appendix 2. m

The implication of this theorem is that a decrease of information occurs as statistical equilibrium
is approached. However, the distance between the two distributions does not vanish.

The results in this section make it possible to derive a static version of our problem as a special
case of the dynamic program in —. This version is expecially useful if one wishes to compare
our model to the ones proposed in the literature. In fact, statistical models typically lack a dynamic
dimension. As a result, these theories are silent on how people use their knowledge to sharpen future
decisions as well as on the effect their choice of information has on current and future expected

gains.

11



While the dynamic implications of the model constitute the thrust of this paper, before turning
to the empirical results, we shall briefly discuss the static version of the model in order to ease the

comparison between our rational inattention theory and the models in the literature.

2.3 A static version of the model

Studying the properties of a static version of our rational inattention model allows us to compare
the solution of the decision maker’s problem with existing static probabilistic choice models in the
literature. Our static version of the problem is a special case of the dynamic program — when
the process w; € Q is zero-order Markov and when convergence to the stationary distribution g (w)
has been achieved.

As time progresses, the continuation value in the dynamic problem will eventually stop depend-
ing on previous period’s realizations and the prior carried over will be the same ever since. As a
result, in the static version of the model the choice variable becomes p (w) = p (g, k) and the model

can be cast into:

max > Vg k)s(k)—C (k) 9)
PYOE) pean
s.t.
) k
S L 0R)5k) = 3 3 o e (10)
plak) >0, >3 plgk)=1 (11)
4EQ ke

where s (k) = quﬂq p (g, k) in the objective function @ represents the DM’s chosen choice proba-
bility, observable in our experiment. As before, equation is the mutual information between the
distributions (p (¢, k), g (¢, k)) and the constraint limits the choice of the decision maker to the
space of proper distributions. As in Section 2.1, let g (k) = quﬂq g (g, k) denote the assymptotic
prior distribution over the gambles and let s (k) denote the choice of the decision-maker. Moreover
recall that I (p(q,k),g(q,k)) =1 (s(k);g0 (K))-

The following theorem characterizes the optimal solution to the decision-maker’s problem in a

static environment:

12



Theorem 5 If the cost of information, C (k), is a differentiable increasing convez function of

the amount of information, then the optimal choice probabilities are given by:
90 () exp (7123 )
= v(E)
ZIQEQk 9o (k> €xp (0/(111)2)
9C (k)

where 0 = I GETO] is the derivative of the cost function with respect to the amount of informa-

s (k) = (12)

tion, evaluated at the chosen amount of information.
Proof. See Appendix 2. m

For the case where the cost function is linear, this result is a generalization of the choice model
of Luce (1959). To see this, assume no prior bias regarding the gamblesﬂ suppose that K = 2 and

the two gambles considered are labeled A and B. Then the formula reduces to:

1

1+ exp (Y%}Invzm)) ’

s (A) (13)

However, our result is more general, since it can account for the DM’s prior bias towards one
option over the other stemming from the way options are presented. This bias is determined by the
transition functions of questions and answers, as well as the DM’s dynamic choices over the course of
the experiment. Our model provides an additional source of generality. As we shall discuss in detail
later, by varying the cost function, C (k), we can replicate as special cases the error distributions
generated by most other probabilistic choice models used in the literature.

More importantly, our theory provides a rationalization to probabilistic choice models. Note that
the structural forms and are derived from first principles. Intuitively, rational inattention
theory predicts that the DM should flip a biased coin when making her choice. The bias of the coin
is endogenous. It depends on the trade-off between the marginal benefit of being more attentive and
the marginal cost of processing more information, captured by the expression § = W.
This transforms the parameter 6, interpreted as curvature of the error distribution in most existing

models, into a preference parameter which characterizes the DM’s costs of processing information.

In the empirical part of the paper we estimate the parameters of the cost function, C (k).

9That is, assume that {gro} is uniform and equals {%}

13



2.4 Testable Predictions
2.4.1 Static Implications

The theory we laid out in this section delivers the following predictions from the static version of

the model:

Static prediction 1. Probabilistic Behavior. The key static prediction of the rational inattention
model is that the DM behaves probabilistically. If information processing is costly, then even
in the stationary distribution, after convergence has been achieved, the DM’s behavior will

remain probabilistic.

Static prediction 2. Errors occur more often when stakes are lower. The shape of the error
distribution depends on the properties of the DM’s ability to adjust the amount of information
being processed. If the DM faces a capacity threshold, then the probability of making an
erroneous choice would be constant, independent of the options. In contrast, if the DM can
choose how much information to process by putting varying degrees of effort, then she would
respond to incentives. If the DM perceives that the difference between the options is so small
that it is not worth it to pay close attention, then the DM will not have a strong preference
between the two options and choose randomly. The more she cares about one option over

another, the more frequently she will choose the preferred option.

2.4.2 Dynamic Implications

In contrast to other probabilistic choice theories, our rational inattention model is capable of making
dynamic predictions regarding choice accuracy in experiments with repeated choices. The key
theoretical prediction of our dynamic model is that the DM learns over the course of the experiment
about the properties of the true transition process of the state variable as well as about its stationary
distribution. In fact, from lemma 1 we know that the beliefs about the transition process, R (:) =
R (wiy1, Dpy1|we, @), converge to the true transition process, P = P (wiy1|w:). Theorem 3 shows
that beliefs about the state variable, h (w), converge to the true stationary distribution g (w), which
we know to be uniform in our experimental setup. We use this fact together with the first-order
conditions in (12) to simulate the model starting from different priors g (w;) converging to g (w).

Using Monte-Carlo simulations, we show in section 4.2 that this predicted behavior of beliefs

14



maps uniquely into the dynamic behavior of rolling-window estimates of costs of information. In
particular, if beliefs converge monotonically from some initial beliefes towards a uniform distribu-
tion, then the cost estimates decline over the course of the experiment converging to the true value

of costs in the limit.

Dynamic prediction 1. Acquaintance of the DM with the experimental setup lowers our estimates
of her costs of information. In particular, if the DM faces two identical experimental sessions,
our estimates of her costs of information should be lower in the second session compared to
the first session. This is because knowledge of the statistical properties of the experimental
setup acquired in the first session affects the prior with which the DM enters the second
session. This acquired knowledge should make her decisions sharper and more consistent in

the second session.

Dynamic prediction 2. As the experiment unfolds, people make monotonically sharper and more
consistent choices. This dynamic prediction involves the behavior of the DM within the same
experimental session. The estimate of costs of information should monotonically decrease
within an experimental session, while the consistency of choices should monotonically increase.
This is because the dynamic process of updating the prior via Bayes’ rule, predicted by our

model, implies monotone convergence of the prior towards the uniform stationary distribution.

2.4.3 Heterogeneity and Aggregation Bias

The literature on both behavioral choice and the macroeconomic literature often study combined
choices of all participants of an experiment or market and treated them as if coming from a sin-
gle “representative” decision-maker. The macroeconomic literature often refers to this fictional
decision-maker as the “representative agent”. This concept is different from the average participant
of the experiment, i.e. the participant with average values of all deep parameters characterizing her
behavior. We call the difference between the properties of choices of the average participant of the
experiment and the representative agent an “aggregation bias”.

The experimental data allow us to investigate the direction of the aggregation bias in our
sample of participants. To this end, suppose that participants differ only in their cost of processing
information, ;. Then, the following theorem provides a testable prediction on the direction of the

aggregation bias:
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Theorem 6 When agents differ in their cost of information 0;, the inverse cost of information
of the representative agent is always biased downwards compared to the average across inverse costs
of information of individual agents:

1 1
Ior SN2,
Proof. See Appendix 2. m

The key implication of Theorem 6 is that we should expect aggregate behavior to appear as if

produced by a more inattentive representative agent compared to the average individual. Thus, we

should expect to encounter more inattentive behavior in the aggregate than in the laboratory.

3 Methodology

3.1 Experimental Setup

In order to assess the relevance of the cost of information and compare the models described in
the previous section, we use experimental data collected in Michel Regenwetter’s laboratory at
the University of Illinois at Urbana Champain in the summer of 2009. The main property of the
experimental setup useful to us is that each participant was asked the same question repeatedly a
large number of times. The collected experimental data contains observed frequencies with which
each subject chose from each pair of gambles as well as the sequences of questions and answers.
This data allows us to test predictions of rational inattention theory at the individual level.
Experimental data available to us contains answers of A individuals who were repeatedly asked
to compare M pairs of gambles. Each individual faced each gamble £ times. The M x L overall
gambles per individual were shuffled to make sure that the experiment is not plagued by memory
effects. The experiment was conducted in a laboratory space at the University of Illinois at Urbana-
Champaign. Forty individuals participated in the study, split roughly half-half by gender and all
approximately of college-age. The experiment was conducted over two sessions, separated by at
least four days for each participant. Each session was not restricted in time and took roughly one
hour to complete. At the beginning of each session a clear description was given of what to expect
from the experiment and several practice gambles were played. The participants were also warned
that each pair of gambles could be selected at the end of the session to be played for real, making

clear that their choice in each pair of gambles could affect their final payoff.
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Table 1: Gamble Payoffs and Probabilities

N° X1,8 px X2, % Yi,$ py Y2,8

1 29.38 0.65 1.19 18.00 0.68 3.21
2 27.98 042 18.89 25.44 047 3.90
3 26.44 052 1.92 26.03 0.34 5.77
4 25.05 0.24 24.01 25.32 0.66 10.56
5) 23.64 0.71 10.78 25.03 098 6.86
6 20.76 0.80 11.61 12.42 093 8.14
7 19.38 0.23 246 12.57 096 0.73
8 18.02 0.39 497 15.01 049 14.26
9 16.66 0.60 9.03 16.32 0.19 10.87
10 19.58 0.48 15.17 26.39 045 10.07
11 13.88 0.41 5.05 891 0.70 8.67
12 29.83 0.38 12.47 25.10 0.85 22.74
13 21.78 0.72 11.16 21.30 0.66 20.91
14 9.61 0.17 6.49 9.87 031 4.17
15 16.11 0.20 8.10 22.75 013 6.18
16 6.88 0.53 6.69 13.86 0.90 0.96
17 24.08 0.90 5.02 23.74 0.07 1441
18 1856 0.99 1.70 27.68 097 2.16
19 22,51 0.88 0.00 19.30 071 0.73
20 22,57 0.70 0.12 11.53 0.79 281
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Each question contained two gambles, A and B, with parameters {X;,px, X2, 1 — px} and
{Y1,py,Ys,1— py}m Gambles were randomly uniformly drawn from the whole domain of potential
gambles following the procedure proposed by Rieskamp (2008).

One advantage of this procedure is that it does not favor any particular theory by construction.
Thus, the gamble space generates no a priori bias to the estimates of the parametersﬂ Second,
this gamble selection procedure guarantees that costs associated with coding information about
the gambles to be processed are roughly the same for all gambles. This puts all choices on equal
grounds and eliminates any bias associated with the possibility of inefficient coding.

Outcomes of the gambles were selected from a uniform distribution over [0,30] in 0.01 increments.
Probabilities were selected from a uniform distribution over [0,1] in 0.01 increments. About 59% of
these gambles were screened because either one gamble showed first-order stochastic dominance over
the other or one gamble had at least double the expected value of the other. 20 pairs were randomly
selected from the remaining gambles. Table [1| presents the gambles used in the experiment.

Participants were presented with a sequence of gamble pairs, one pair at a time. Probabilities
were displayed in the form of pie charts. Participants could choose only one gamble from each pair.
Gamble pairs were ordered by the computer quasi-randomly, i.e. drawn from a uniform distribution,
with the condition that the same pair was never presented twice in succession. Over the course
of a session, each gamble pair was presented 30 times, so participants made 600 choices in each
of the two sessions. At the end of each session, one gamble out of 600 chosen by the participant
was randomly selected by the computer and played for real. The outcome of the chosen gamble
was paid to the participant together with a $5 flat payment. The average payment was $20.97 per

session.

3.2 Decision Theories

Our theory of rational inattention complements decision theory, which determines valuations of
choice options V (k) depending on the payoffs Xj; and their objective probabilities, pg;. In this

paper we estimate individual information cost functions considering several decision theories for two-

10Tn the dataset NV = 40, M = 20, £ = 60.
1 This setup is important. For instance, consider the classical Experiment I from Tversky (1969). The gambles

for that experiment were selected in a subspace of all gambles which have almost the same expected payoff. Using
such a set of gambles in our experimental setup would give us no ability to identify parameters characterizing costs

of information.
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branch gambles. We follow the literature in assuming that individual valuations of sure outcomes

are given by the utility function with constant relative risk aversion:

U (X) = af:;, (14)

where « is a positive constant, v € R represents risk-aversion of the decision—makerB
Most existing decision theories, when applied to our setup, can be expressed as particular forms
of the rank-dependent utility (RDU) model, develped by Quiggin (1982). RDU models commonly

assume that the value of an option is determined as a weighted sum of utilities of payoffs:
J
V (k) =Y w; (pry) U (X)), (15)
j=1

but vary in their probability weighting function, w; (p). In the case of two-branch gambles, rank-
dependence shows itself in the assumption that the weight w (p) corresponds to the branch with a
higher payoff, while the weight 1 — w (p) is attached to the lower payoff.

Prominent special cases include expected utility (EU) theory of von Neumann and Morgenstern
(1944), where the weights are equal to objective probabilities, cumulative prospect theory (CPT)
of Tversky and Kahneman (1992), transfer of attention exchange (TAX) model of Birnbaum and
Chavez (1997). Table |2| describes the various functional forms for the weighting function adopted
in the literature. To allow for the possibility of each of these functional forms simultaneously, we
extend Wilcox’s (2010) beta weighting function by attaching a scale parameter to it. In our analysis,
we adopt the following generalized beta weighting function:

6]51’ (x)Zj (1-— x)"j da:J} ’
Jo @ (1 —2)" dx

w (p) = min { (16)

where behavioral parameters ¢,  and § take positive values. Our specification boils down to
expected utility when ¢ = n =9 = 1. Also, when v = 0 agents are risk-neutral.

Although we are unaware of closed-form expressions converting parameters of other decision
theories into these parameters, it is possible to find a parameter combination for the generalized
beta function which represents each of these decision theories with a high degree of accuracy.
However, our functional form is more general: under many parameter values none of the existing

decision theories can approximate choices implied by our specification.

12We also tried a more general specification of utility used by Holt and Laury (2002) which adds global absolute

risk aversion to the utility function. We found that this specification does not improve the fit of the model.
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Table 2: Weighting Function in RDU

Decision Theory Weighting Function

EU, Von Neumann, Morgenstern (1944) w(p)=p
w(p) S s\
Karmarkar (1979) Tt = (ﬁ) (ﬂ)
Kumaraswamy (1980) wp)=1-(1- p‘s)d)
CPT, Tversky, Kahneman (1992) w(p) = "

Goldstein, Einhorn (1987)
Lattimore, Baker, Witte (1992)

Wu, Gonzalez (1996) w(p) = m
TAX, Birnbaum, Chavez (1997) w (p) = %
Prelec (1998) w (p) = exp (—6 (— lnp)¢)
Wilcox (2010) w (p) = B (p,¢,m) /B (¢,n)
Generalized Beta w (p) = [0B (p,d,n) /B (¢, 77)]1
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3.3 Probabilistic Choice Models and Information Costs

Most empirical studies of choice under risk attribute observed deviations from behavior implied by
a decision theory to random errors made by individuals. Probabilistic choice models take various
functional forms linking the choice probability, s (z), to the value differential, z, between an option
and its alternative. The value differential comes directly from the decision theory.

Three major shapes of the probabilistic choice function are commonly used. First, Fechner
(1860)’s model of random errors used in Hey and Orme (1994) makes use of a Gaussian cumulative
density function (probit). Second, Luce (1959)’s choice model used by Holt and Laury (2002) implies
a logistic curve. Third, the “tremble” model of Harless and Camerer (1994) sets the probability of
a misstep to a constant, 7. There are a number of generalizations building on these three models
which we describe in Table Bl

Note that all of these models are symmetric with respect to positive and negative values of the
value differential. The left panel of Figure [3.3] demonstrates that all of these shapes can be well
captured by a combination of two factors. The first factor is the slope of the function as it passes
through the point of indifference. The second factor is the asymptotic probability of a misstep,
when one choice option strongly dominates another.

Both of these factors have an intuitive interpretation in our rational inattention (RI) model.
Recall that our RI model with a constant marginal cost of information, 6, reproduces the logit
specification of Luce (1959). Thus, the RI model interprets the slope factor as the marginal cost of
information, when the cost function is linear.

Now consider the other, more common, assumption made in the inattention literature where
agents face a fixed capacity constraint, . In this case the cost of information is zero for all values
below k, but becomes vertical exactly at x. In this case, the RI model predicts choice probabilities
identical to the tremble model. Thus, the RI model interprets a constant misstep probability as
evidence of a capacity constraint on information processing.

To capture both of these factors as well as all their combinations, we adopt a flexible specification

for the information cost function. We assume the following functional form:

C’ (z) = O/ arccot (“j’”“), (17)

where the cost of information, @, is non-negative, the capacity constraint, k, takes values in the
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Table 3: Functional Representation of Probabilistic Choice Models

Model Formula Cost Function
Fechner/Probit s(z)=F (%) 0~ 4lo k=1
Luce/Logit s(z)=A(Xz2) 0=1/\ k=1
Tremble = (1 + 2ZZ-sgn (2)) 6=0 k=1(T)
Truncated Fechner ( )=F ([z]_ZO /o) O~ dlc k=1 (F(-2))
Hetero. Fechner s(z) = F (z/eM) 0~ 4lo k<1
Contextual Utility s(z)=A(N\z/ (u(X)—u(X))) 6=1/x k=1
Decision Field Theory s(z) =A ()\z/\/Var (z)) 0=1/A k=1
Rational Inattention s(z) =A (m) C' (z) = 07/ arccot (I;")

unit interval, and the curvature parameter, p, takes a value much higher than 1@

The right panel of Figure illustrates the properties of this cost function and compares it to
cost functions implied by other probabilistic choice models. Note that all of the existing models
can be well approximated by a combination of a constant marginal cost, 6, turning into a capacity
constraint, k. Table [3| reports the corresponding values of these two parameters for other choice
models in the literature. Note that the additional factors introduced by the Contextual Utility (CU)
model of Wilcox (2011) as well as the Decision Field Theory (DFT) of Busemeyer and Townsend
(1993) can be interpreted as distortions of the probability weighting function, while the implied
probability curve remains logitE

In order to convert the cost of information 6 from utils per bit to dollars per bit we use the

131n our estimation we set p = 600. This value is high enough to capture the transition, while maximum likelihood

estimation tends to set this value even higher.
1 Although these distortions are well-specified for our experimental setup, they are hard to map directly into

weighting functions. Our hope is that our generalized beta weighting function is flexible enough to meaningfully

capture these distortions for our specific gamble set.
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Figure 1: Error Models and Corresponding Cost Functions

conversion factor: 3 ;o go (k) 8(;/ ;f) for each gamble. This conversion factor makes the parameter

« irrelevant, as it scales both the utility function and the cost of information. This is consistent
with intuition, as the individual scale of utility affects the absolute cost of information in utils per
bit, but does not affect the relative cost measured in dollars per bit. Thus, we have four param-
eters, {v,®,n,0}, which fully capture most existing decision theories, and two parameters of the

generalized cost function, {6, s}, which summarize the DM’s limited ability to process information.

3.4 Static model as an empirical tool

Our model predicts that the DM should behave probabilistically and that her choice probabilities
may evolve over time, eventually converging to a stationary distribution. Our model has closed-
form predictions for this stationary distribution of choices, represented by the static model. Using
the predictions of the static model, it is possible to use experimental data to uncover all of the
DM’s deep parameters.

However, it is much harder to find the mapping between these deep parameters and the dynamic
changes in behavior before convergence is achieved. This is because the DM may start the experi-
ment with different priors, and the DM’s observed choices are not sufficient to make inferences about
this prior. Finally, it is hard to know the speed of convergence to the stationary distribution ex

ante without knowing all the deep parameters and the prior. We can only hope that 60 repetitions
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of each question are enough for convergence to be achieved by the end of the experiment.

For this reason, we do not attempt to estimate the dynamic model. Instead, we use the static
model as an empirical tool. While precise in the limit, the static model serves as a good approxima-
tion of the DM’s behavior before convergence has been achieved. Our inference proceeds in three
steps.

In the first step, we apply the static model to the whole dataset as if the DM starts in the
stationary distribution. The estimates of parameters of the DM’s decision theory obtained this
way should be close to the true parameters, because the decision theory determines the ordering of
options, which remains unchanged over the course of the experiment.

Because more information capacity is diverted towards learning about the environment at early
stages of the experiment, our estimates of the cost function give an upper bound on the costs of
processing information rather than a precise estimate.

In a second step, we use the static model to estimate cost parameters separately for the two
sessions, while keeping the parameters of the decision theory constant across sessions for each
participant. Then, we can test whether and how the parameters characterizing costs of processing
information change between two sessions. This estimation procedure allows us to get a better
estimate of the cost function once convergence has been achieved, to test whether there is a difference
in estimates between the two sessions and check whether this difference is consistent with predictions
of our theory.

In a third step, we fix the parameters of the decision theory for each participant and run a
rolling-window estimation of the cost function. This procedure allows us to get a good idea about
whether convergence has been achieved, the speed of convergence and its direction.

Note, that the design of the experiment implies a uniform transition function for answers, so that
the probability of seeing any option on the left side of the computer screen equals the probability
of seeing it on the right side. This experimental design eliminates any prior bias with respect to
answers in the stationary distribution and validates the use of a uniform prior when estimating
the static model. Thus, in the empirical part we can also abstract from concerns associated with
possibly inefficient coding of information by participants of the experiment and its effect on the

prior.
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3.5 Estimation of Parameters

The experimental data allows us to estimate jointly the values of all six parameters {6, ,v, ¢, 71,0}
for each of NV individuals, or any subset of parameters for any restricted version of the theory.
The likelihood function of the data is the density of a binomial distribution where s, ; denotes the
binomial choice probability of participant a on question i. The log likelihood of option A being
chosen z times and option B being chosen y times given the deep parameters w, = {6, k,v,¢,7n,0}

and parameters of the question (; = {X1, X2, px, Y1, Y2, py } is given by

tou L (el ) =1og (¥ ) 4 logsns (@.0) +ylog (L= saieiC). (18)

The choice probability, s, ; (wa,¢;), can be computed by solving numerically the equation:

1

V(A)-V(B ’
1 +exp (*W)

Sa,i (wav Cz) = (19)
where C’ (I]w,) is the marginal cost function of participant a defined in , and I (sq,;) denotes

the amount of information implied by the choice probability s, ;:
I(Sa,i) = Sq,i1085 Sa,i + (1 — $q,:) logy (1 — sq,:) + 1. (20)

Because our specification of the marginal cost function is convex, Theorem 5 implies that the
solution of equation ([19)) is unique. We use this specification to estimate w, by maximizing the sum

of log likelihoods of choices made by participant a defined as:

M
A= log L (i, yilwa, Gi) - (21)

i=1
To evaluate model fit it is also useful to compute the likelihood of an “unrestricted” model
which allows for individual parameters s, ; for each question ¢ for each participant a. This model
has as many parameters as data points. Estimates of parameters of this model will be equal to the
e oz
observed probabilities, i.e. s,,; = eyl
To compare models we sum up individual likelihoods, and then penalize the joint likelihood for

over-parameterization using the Bayes Information Criterion (BIC):

N
BIC = —QZAa+nlrlO, (22)

a=1

where n is the total number of estimated parameters, and O is the total number of observations.

25



To compare nested model specifications, where we allow participants to change a subset of pa-
rameters across two sessions, we use the likelihood ratio test which follows a chi-squared distribution

with the number of restrictions, r, determining degrees of freedom:

LR=-2(AF —AY) ~x*(r). (23)

4 Results

We start by describing static estimates of the parameters of cost functions. We use these estimates to
study the properties of the cost functions to identify participants which face information processing
capacity constraints. We describe the amount of heterogeneity in cost functions and measure the
size of the aggregation bias. We discuss in detail the estimates of parameters of decision theories,
concluding that there are large variations in these estimates as well.

Then we move to testing the first dynamic prediction of our model, namely, that if participants
acquire information about the experimental environment, then their estimated costs of information
should fall between the two sessions. Finally, we study the speed of convergence to the stationary
distribution of attention over the course of the experiment by running rolling-window estimates of

costs of information.

4.1 Static Estimates

The first three columns of each panel in Table 4 report the estimates of parameters of the marginal
cost function for all 40 participants of the experiment. For each participant we report the inverse
of the estimated value of the marginal cost of information, 1/ 6, measured in bits per cent, and the
estimated value of the capacity constraint, &, in bits.

As the first observation, we note that variations in the estimates of the the capacity constraint
are not particularly large across individuals; most estimates are indistinguishable from 1. The fourth
column of each panel in Table 4 reports the likelihood ratio test statistic for the hypothesis that
the capacity constraint is absent, i.e. Hy : k = 1. Each test statistic has a chi-squared distribution
with 1 degree of freedom. However, rejecting the null is not sufficient to conclude that a participant
has a capacity constraint. We need to check two additional conditions.

First, we need to verify that the estimated value of the capacity is sufficiently below 1 to be
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meaningful. Note that if a participant accidentally made a single misstep while answering the
remaining 59 repetitions of the question in line with her decision theory, we would conclude that
she processed I (59/60) = 0.877 bits per question. Hence, any x > 0.877 is indistinguishable from
having no capacity constraint and answering all 60 questions consistently.

Second, we need to verify that the estimated value of x is achieved at least theoretically in a
few questions in our experiment. The low estimate of the capacity and the rejection of the null
may be driven by the restrictions we place on the functional form of the cost function, rather than
evidence of the presence of a capacity constraint.

In Table 4, we mark with an t sign the participants with a capacity constraint, which we
identified by checking three criteria: 1) their likelihood ratio is above the critical value of 5.0; 2)
their estimated capacity is below 0.877; and 3) their capacity constraint is achieved for at least 3
questions in our sample. We find that 12 out of 40 participants of our experiment satisfy these
conditions. Although these conditions might sound stringent at first glance, relaxing any one of the
two additional requirements does not add more than a couple participants to the list.

The first conclusion that we draw from our estimates is that the number of participants with
a capacity constraint does not exceed one third. This implies that the majority of participants
responds to incentives by making more consistent choices when stakes are higher. Even those
participants for whom we identify a capacity constraint have a positive cost associated with lower
values of capacity. This implies that all participants respond to incentives for a large interval of
value differentials. Only when stakes are especially large does the capacity constraint prevent some
participants from further increasing the precision of their choices.

One observation we make is that the estimates of marginal costs of information differ by more
than an order of magnitude across participants of the experiment. Even after removing clear
outliers, the set of estimates covers the whole range between 1.8 bit per cent and 25 bits per cent.
This finding together with theorem 6 suggest that we should expect to see some aggregation bias
in the estimates for the representative agent.

The cost estimates for the “representative agent” (RA), i.e. from treating the combined set of
choices of all 40 participants as if coming from a single decision-maker, are reported at the bottom
of Table 4. We find that the RA’s marginal cost of information is 4.7 bits per cent, and that she has
a capacity constraint of 0.73 bits. These estimates are in sharp contrast with the mean of individual

costs of 15.3 bits per cent (median of 8.9) and the mean capacity constraint of 0.85 bits (median
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Table 4: Fixed capacity vs. fixed costs

Ne 1/§ & LR LRy LR, N° 1/ & LR LRy LR,
1 16 .88 31 9.05 9.8 21 35 .47 86t 08 128
2 18 .22 36% 0 1.3 22 50 .58 27t 5.3% 208
3 59 93 74 14* 35 23 11 .88 9.7 38% 118
4 76 1 04 03 0 24 54 .71 23t 34% 25%
5 25 1 0 188 0 25 3.9 .32 40t 65% 150%
6 6 1 03 0.1 0 26 95 1 0.3 448 0
712 1 02 0 0 27 65 91 45 198 5.0
8 51 .95 11 77 15 28 6.9 .83 30f 48% 248
9 89 93 18 03 25 20 14 1 01 965 0
10 10 44 65t 128 06 30 68 91 93 03 0.1
11 89 1 04 0 0 31 91 .74 22t 585 16
12 51 .89 102 21 58 32 94 .75 22t 468 118
13 10 .75 36f 03 3.0 33 10 1 04 0 0
14 44 43 62t 26 0 34 38 95 47 68% 108
15 34k 49 169 0 628 3 18 91 11 06 0
16 11 .90 28 01 1.0 36 88 .69 29t 49 248
17 58 .63 24 218 08 37 10 1 02 22% 0
18 69 .92 09 0 6.3 3370 1 05 0 0
19 566 .94 40 0 0 39 81 1 02 118 0
20 88 .96 57 1298 5.58 40 59 1 04 4.6 0

RA 47 .73 4431 1148 0.1

-N°¢ participants, 1/é -inverse of the estimated marginal cost of information in bits per cents, K estimated capacity in
bits, LR - Likehood ratio test; LRg -LR test for the hypothesis that costs are equal across the two sections, LRy - LR test
for the hypothesis that capacities are equal across the two sections. RA -representative agent, T capacity constraint
present (12 participants), § _ lower information cost in seg§1d session (21 participant), * higher information cost in

second session (4 participants). Likelihood ratio test statistics are distributed as Xz(l) The critical values for this test

are 3.8 at 5%, 5.0 at 2.5% and 6.6 at 1%. k means 103.



Table 5: Estimates of parameters of decision theories

Ne oy ¢ 0 7 Ne 4 ¢ 0 1
1 0.62 5.57 4.78 0.85 21 -196 271 211 1.00
2 -227 381 288 1.83 22 042 0.68 149 0.89
3 -1.22 3.01 237 0.54 23 029 056 210 0.66
4 -0.63 044 0.41 0.70 24 -094 043 033 0.90
5 0.56 1.62 1.57 0.62 25 -1.68 4.02 3.72 0.92
6 0.22 237 197 0.59 26 180 1.38 1.09 0.76
7 -070 044 049 1.14 27 017 285 213 0.58
§ -041 1.03 0.78 0.31 28 0.29 5.06 4.35 0.52
9 -083 158 1.63 0.89 29 071 1.87 190 0.56
10 150 0.14 0.86 0.57 30 -1.54 042 0.00 3.8k
11 -0.18 1.08 1.46 0.84 31 1.06 0.21 0.59 0.69
12 -0.14 033 0.00 2.3k 32 -1.79 5.16 5.01 0.62
13 112 038 0.75 0.80 33 073 014 0.10 1.40
14 -75 174 176 1.00 34 053 032 000 1.7k
15 -1.08 0.59 0.96 0.52 35 194 174 1.61 0.79
16 -0.14 0.60 1.11 0.90 36 -3.23 384 334 0.60
17 0.77 058 1.06 0.79 37 078 1.61 173 0.54
18 -1.64 2.02 0.88 0.56 38 -1.23 298 286 0.32
19 -0.22 042 0.67 0.67 39 052 055 1.19 0.83
20 018 193 1.83 1.00 40 -054 99 159 031
RA 011 1.10 1.16 0.70
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of 0.91). Restricting the comparison to subgroups of participants does not undermine this result in
any way.

The second conclusion we draw from the static estimates is that using combined choices of
different participants introduces a substantial aggregation bias into the estimates of the cost function
of an average individual. As predicted by theorem 6, the aggregation bias makes choices of the
representative agent much less consistent compared to choices of the average individual. The
observation that the combined choices of individuals are inconsistent can be and is often interpreted
as showing that the average participant is very inconsistent and has substantial limitations on
rationality. We show that this observation may be a consequence of aggregation bias.

Table [5] shows the estimates of parameters of decision theories for each participant over the
whole sample. The variations in the risk-aversion parameter 4 are quite substantial. Risk aversion
covers a wide inverval of values, from as high as +2, which is a relatively high level of risk-aversion
compared to other experimental studiesE to as low as -2, which indicates strong risk-loving attitude.
However, there is only a mild difference between the average estimate of risk aversion of -0.39, and
the RA’s risk aversion value of 0.11.

There are similarly large variations in all the other parameter estimates. Estimates of the
curvatures of likelihood functions indicate that only a tiny fraction of variation in these parameters
across subjects can be attributed to measurement error. Most point estimates of parameters of the
decision theory have relatively small standard errors.

The best way to illustrate variations in parameters of RDU is to compare the weighting functions.
Figures 2 and 3 plot the weighting functions for two groups of participants. The first group consists
of participants for which the weighting function can be well approximated by a functional form from
the literature. The functional forms which we find to fit best are TAX (15 participants), CPT(6
participants) and Prelec (2 participants). The second group includes 17 participants who cannot
be approximated well (within 2 percent Root mean-square error, RMSE) by any existing versions

of RDU.
15The standard estimates of Holt and Laury (2002), who aggregate across subjects, are in the range of positive

0.3-0.5.
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Figure 2: Estimated Weighting Functions Figure 3: Estimated Weighting Functions

representing existing decision theories not representing existing decision theories

Legend: TAX, CPT, Prelec and Beta (-Generalized Beta) correspond to the decision theory in Table 2. RA -Representative

Agent. Number of participants in parenthesis. Each line represents a participant

In addition to the generalized-beta specification of preferences, we redo the whole estimation
exercise for an expected utility model. We find that all of our results hold in the EU specification
as well: 1) the linear cost model fits most participants better than the fixed capacity model; 2)
the heterogeneity in cost and risk-aversion parameters is slightly bigger; 3) the dynamic behavior
is very similar to that estimated in section 4.2 under the RDU specification.

Table [6] compares the fit of three models based on loglikelihood (LL) and Bayesian Information
Criterion (BIC): our generalized-beta specification of rank-dependent utility (RDU), the expected
utility model (EU) and the unrestricted model (UR). Overall, the BIC for RDU is much lower than
that for EU (a lower value indicates better fit). However, the RDU specification goes only halfway
between EU and the unrestricted model. We find that 36 out of 40 participants are better described
by the RDU specification than by the EU specification, while for the other 4 participants the EU
specification is more parsimonious.

Overall, we find strong evidence in favor of the rank-dependent model for most experiment
participants. Meanwhile, the behavior of the RA is barely distinguishable from that predicted by
EU model. The weighting function of the RA can be well approximated by a straight line which

discounts each probability at a constant rate of 0.7. Recall also that we estimated the RA’s risk
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Table 6: Model fit across decision theories

Model LL n BIC

1. EU -11795 120 24884
2. RDU -7727 240 18041
3. UR -1867 800 12357

Legend: EU -Expected Utility theory, RDU -Reference-Dependent Utility theory, UR -unrestricted model, LL
-log-likelihood, BIC -Bayes’ Information Criterion.

Note: 36 out of 40 participants are better described by RDU than EU whereas for 4 participants EU is more parsimonious.

aversion parameter to be close to zero.

Heterogeneity among participants may be the main reason why it has been so hard to test
and compare models of RDU in existing studies. The differences in parameters for participants of
decision theories are so large that most of them would be attributed to noise if we pooled together

the choices of all participants.

4.2 Dynamic Estimates

We use the prediction of our dynamic model that the DM’s prior beliefs about the state variable
and the transition process are updated over the course of the experiment and converge to the true
stationary distribution and true transition process. Combining this prediction with the first-order
conditions in (12) allows us to simulate the dynamic model starting from different priors g (w;)
which then converge to g(w). The data is not rich enough to infer the behavior of individual
beliefs. To generate testable predictions, we apply a rolling-window estimation procedure both to
artificial data generated by the model and to experimental data. Comparison of the two allows for

an indirect test of the predictions of the model.
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Figure 4: Monte-Carlo Simulations

Figure 4 illustrates the results of Monte-Carlo simulations. It shows three paths of rolling-
window estimates of the cost of information (and confidence bounds around them), which differ only
by the speed of convergence to g (w). Monte-Carlo simulations show that the predicted behavior of
beliefs maps uniquely into the dynamic behavior of rolling-window estimates of costs of information.
We find that if artificial beliefs converge monotonically from some initial values towards a uniform
distribution, then the cost estimates decline over time converging to the true value of costs in the
limit. In this case, the speed of convergence of cost estimates is directly related to the speed of
convergence of beliefs. However, if beliefs were not to converge to the uniform distribution, then
we would see no clear dynamic pattern in the behavior of estimates of costs of information. Both
predictions of the dynamic model regarding estimates across sessions and within a session follow

directly from our Monte-Carlo exercise.

33



To test the first dynamic prediction, that acquaintance with the experimental setup lowers the
estimates of the cost function, we estimate the parameters of the cost functions separately for the
two sessions. For each individual, we find joint estimates of the parameters allowing either 6 or x to
differ between the two sessions, while treating the rest of the parameters as constants throughout
both sessions. Columns 5 and 6 in each panel of Table[d]report the likelihood ratio test statistics for
the hypotheses that the parameters are equal across two sessions: HY : 1 = 0o, and HE : k1 = kg
respectively. All reported test statistics have a chi-squared distribution with 1 degree of freedom.

Table [4] identifies cases when the null is rejected and the costs are higher (capacity is lower) in
the first session with the ¥ sign. Similarly, cases when the null is rejected and the costs are lower
(capacity is higher) in the first session are marked with the * sign. We find statistically significant
evidence that for 21 participant out of 40 the estimates of costs fall in the second session compared
to the first. For another 15 participants out of 40, we cannot reject the null that costs have not
changed. However, for the majority of these participants the estimates of costs also fall. Only for
4 participants out of 40 we find that the estimates of costs increase in second session compared to
the first.

The conclusion that we can draw from this result is that the vast majority of participants of
our experiment acquire knowledge about the experimental environment in the first session. This
knowledge allows them to be more precise in the second session. Only every tenth participant
violates this dynamic prediction of our theory.

A more nuanced way of studying the dynamic behavior of participants of the experiment is by
running rolling-window estimates of costs of information, like we did with Monte-Carlo simulations.
We use rolling windows which include answers to 10 consecutive repetitions of each question. For
each window, we estimate the costs of information é, while keeping the estimates of all other
parameters fixed at values in Tables 4 and 5. We apply the rolling window estimation procedure to
each session for each participant separately.

For illustrative purposes, we average the estimates across: 1) all 40 participants of the ex-
periment; 2) the 21 participants which we identified as “learners”; and 3) the 15 “consistent”
participants for which we could not detect a significant change in cost estimates. The averaged

dynamic estimates of costs of information are shown in Figure 5.
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We find that rolling-window estimates of costs of information fall over the course of both sections
for all three groups of participants. The main difference between the two sub-groups seems to be
the speed of convergence. These estimates suggest that participants indeed acquire information
slowly about the experimental environment, as predicted by our dynamic model.

Figure 6 shows for the same groups of participants the average switching rates, i.e. the fre-
quencies with which participants switch between answers to the same questions over the course of
the two sessions. The switching rates behave very similarly to estimates of costs of information,
demonstrating that as participants learn about the environment over the course of the experiment,
their choices become sharper and more consistent.

Our model provides a unified framework for rationalizing these empirical regularities without
relying on ad hoc assumptions. In particular, we have established three empirical facts. The first
fact is that participants are much more consistent in the second session, which may be several days
after the first one. Our model shows that this is consistent with participants learning something
important about the experiment in the first session. The second fact is that participants remain
highly inconsistent after encountering each pair of gambles more than 50 times. Our model shows
that this observation can be explained by cognitive limitations. The third fact is that participants
remain predictably more consistent on more “valuable” questions. Our model shows that this can
be accounted for by the participants’ choice to vary information capacity in response to incentives.

These three facts are predicted and jointly accounted for by our model.

5 Conclusion

In this paper we propose a dynamic rational inattention model as an explanation to probabilistic
outcomes of discrete choices in repeated settings. From the channel capacity, the core technology
of rational inattention, we investigate whether a linear cost associated to processing information
with varying capacity is more suitable for describing people’s behavior than a fixed bound on
information-processing capacity, reminiscent of many bounded rationality models. We use data
from a unique behavioral experiment to test the predictions of our theory. Experimental evidence
provides overwhelming support to the varying capacity specification of the cost function.
Moreover, experimental evidence strongly supports the predictions of our model that: (a) indi-

vidual people behave probabilistically when repeatedly faced with the same choices; (b) the larger
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the difference in valuations between options, the smaller the frequency of erroneous choice; (c) as

the experiment progresses, people increase their information processing capacity, thereby making

more consistent and sharper choices.

In light of these findings, the approach proposed in this paper might be a useful tool for modeling

bounded rationality in macroeconomics and in behavioral social choice.
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A Appendix: Proofs (NOT FOR PUBLICATION)

A.1 Proof of Theorem 1

Proof. Let I' (w,w) be the constraint set containing (6)-(8). The H mapping displays:

HW (g) = max HPW (g (w)),

p(w,0) el (w,@)

with

HW (g) = Y V (wildr) s (kelar) — C (2)

Wi €N

+B D WG (@ea1) [00) R (@rpr, @eralwe, Ge) s (ke|r) -

wi1€0Q
Assume that ||[HW — HU|| is the maximum at point g = g (w). Let p1 = p1 (w, ) denote the
optimal control for HW at g and ps = ps (w, @) the optimal one for HU.
HW (g) = H"W(9),
HU (9) = H™U (g) -
Then it holds
1HW (9) — HU (9)[| = HP*W (9) — H™*U (g)
assuming WLOG that HW (g) > HU (g) . Since py maximizes HU at g, it follows that
HPU (9) = H”'U (g) (24)
When we apply the mapping H we have:
W — Hul| =
[HW (9) — HU (9)]| =
HPW (g) — HP*U (g) < (25)
HP'W (g9) — HP'U (g) =
B S we(gla)pg— B> D (U (g@)] prg <

WEN, WEQ wEN, HEQ,

BY > (IW=ull)pg =

weN, We
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slw —ull

where the inequality in comes from the fact that we are subtracting less given .
Recalling that 0 < 8 < 1 completes the proof. m

A.2 Proof of Theorem 2

Proof. The proof is done via induction. We assume that all the operations are well-defined in their
corresponding spaces. As in the previous proof, let T' (w, @) be the constraint set containing @-.

For planning horizon n = 0, we have only to take into account the immediate expected rewards.

p(w,@)

Let m (w|w) be the conditional distribution of @ given w defined ad m (&|w) = 5oy - Then, we
can define the contemporaneous reward as:
Moo=, mas L, | V) g(w) = C(r) (26)

and given that the cost function C' (k) is increasing and convex, we can define the vectors

fob (@), = (ZV >> e
weN m(&|w)€el(w,o)

which leads to the desired

Wo(g9) = max_ {(af,g) (28)
{od@},
where (.,.) denotes the inner product {aj, g Zao ).For the general case, :
wen

D V(wl)m(@lw)g W)~ C(x) +

W, — weN 29
D eiEen | 155 Y Wi @D R Ted m @) |

w,w EQL,L'EN

by the induction hypothesis

Wio1(g()l,) = max {(af_q, g5 (: 30
(9()lz) {ai_l}i< 95 () (30)

Plugging into the above equation and by definition of (.,.) ,

Warlh ()= max 3 P e 0@) (R B2 e

{anfl}i w,w’ €EQW,0' €N
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where f (@) is the marginal distribution of @.

With the above:

_ >V (@ld) m @) g @)~ € () +
W, (g) = max wed
g mer +ﬂ maX Z i) Z Z aj, w') (R (W', & |w,0) m (@|w)) g (w)
1 szQ w,w' €L EN
= maxc | (V- m. g(@) = C(0) +AY 7= < S0l (W) R, &, @) - m, g>]
L weN Gn— 1} w' €N

At this point, it is possible to define
=Y g (W) RW, & |w,@) - m. (33)
w'eN
Note that these hyperplanes are independent on the prior g for which the value function V,, is

computed. Thus, the value function amounts to

W (9) = max | (V- m, g) +BZ T (a9 (34)

and define:

Qg = AIE ; Hjlax} <afn’w, g> . (35)

m,@ S

Note that a;, o, is a subset of afn@ and using this subset results into

Wi (g) = max

mel

<V m, g +6Zf( ) am,&),gag>‘|

weN
1
- I;:<V e g>' v

Now

{al},=U {Vmﬂfzf(l@am,w,g} (37)
Vg wen mer

is a finite set of linear functions parametrized in the action set.
The final step entails the proof that the {oz;}7 sets are finite and discrete for all n. The finite
cardinatility of these sets is an important step since it proves that we can represent W, (g) with a

finite set of supporting a—functions. Again, we proceed via induction. For discrete actions, {ozz)}z
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is discrete from its definition in . For the general case, we have to observe that for discrete

, the sets {ai } are finite and discrete:
7

m,o0

actions and observation @ and assuming M = Hai_l}

7
for a given action m and observation @ we can generate at most M o, . functions. Note that fixing

the action, we can select one of the M 0‘;,0 functions for each one of the observation and, thus, the

{afl}l. set is of finite cardinality. m

A.3 Proof of Lemma 1

Proof. We need to evaluate lim;_, (f(d”“‘w”;)((j(g:)“‘wt)h(wt))). Given that the optimal distri-

bution is ergodic, letting ¢ — oo leads to p (wy, @) = p(Wip1,@er1) = P (W, @), h(wy) = h (Wep1) =
h(w) and P (wit1|we) = P . Then:

. h .
L (f(th'wtﬂ) = (P (wt+1|wt))) - <f(W|W)P) -7

t=00 p (we, @)

A.4 Proof of Lemma 2

Proof. From the previous lemma, we know that % tT;()l R! — P and that PR = P. Writing the
equality of these matrixes as the equlity of the row vetors, we have p_s = [pu,, -+, Pwg] = Pw X R, S0

each row p,, is an invariant distribution. Moreover, an invariant distribution g (w) satisfies

v gw) =3 (; in) (1,0)3 (1) = 3 P (1,0)§ ()
t=0

i€Q i€Q

A.5 Proof of Lemma 3

Proof. Let us suppose that £ and £* are two ergodic sets for the transition function P. Proving
that there exists a subset a € £NE™ such that g(a) > 0, then & and £* are not distinct ergodic
sets. That is, if P(a,&) = 1 and P (a,£*) = 1, then £ is equal to £*. Since there is a positive
probability of asking question wy € Q in the experiment, g (wy) > 0. If £ is an ergodic set in Q,
then P (wy, &) = 1 which implies wy € €. If £* were another ergodic set of 2, we would get wy € £*

using the same argument. Thus, w; € ENE". m
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A.6 Proof of Theorem 3

Proof. Combining the fact that the long-run transition function R (:) converges to P (Lemma 1)
and R (:) has a unique invariant distribution (Lemma 3 and Theorem 11.2 of Lucas, Stockey and

Prescott), it follows that h (w) =), p (w, ) eventually converges to the steady state distribution,

J(w). m

A.7 Proof of Theorem 4

Proof. Let ¢ (wy, wir1) denote the joint distribution of w; and w41 under the prior, i.e., ¥ (Wi, wi11) =
g (wi) P (wiy1lwe) and let v (Opp1, 0 w1, wir1) = p (@, we) (R (Wig1, We41|we, @r)) be the corre-
sponding joint probability under the distribution selected by the decision maker. The chain rule

for relative entropy implies

d (U (Qpg1, W, wWep1, Wit 1) [[U (Wi, wig1))

@ d(p (@t we) ||g (we)) + d (R (W1, Drr1|we, @) || P (wir1]wr))

2 4 (p (@1, wWer1) |19 (@es1)) + d (R (e, @elwrs1, D) [|1P (@elwesr)) (38)

where (a) comes from the chain rule for entropy and (b) comes from the time symmetry of the
Markov process.

The conditional probability distributions are given by: p (@s41, wit1|@s, we) = (R (Weg1, Oet1|we, @) =

R @) p

p(we,wt)

(wt+1|wt) = %P (wt+1\wt) and g(wt+1|wt) = P(wt+1|wt). USiIlg the

non-negativity of d (R (w, ©t|wiy1, De11) ||P (wiwiyr)) from Corollary to Theorem 2.6.3 in Cover

and Thomas, it has to be the case that:

d (p (@, wi) [|g (we)) > d (P (wit1,@0141) [|g (Wet1)) (39)

and consequently the distance between these two probability functions is decreasing in time.

t f(@lw)

limy o0 $d ((%P (wit1|wr) || P (wig1 |wt))) = (. This implies that the quantity d (R (wyt1,@¢11|we, @) || P (Wit

vanishes over time.

Note that as time progresses limy_, oo (%) = limtﬁoo% (f(&”l““)) = 1 and thus

Let us focus now on the limiting distributions. If we let g (w;) be any stationary distribution,
the sequence d (p (&, wy) |g (we)) is a monotonically non-increasing non-negative sequence and must

therefore have a non-negative limit. Note that this limit is non-zero since we can further decompose
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p(we, @) = h(w;)m(w|@;) and by Theorem 3 we know that lim; e + (h(wi)) = go (wi) = go
implying that lims—, oo (d (R (we) ||Go (wi))) = limyoo (d (A (wig1) || (wer1))) = 0. Then, by the

definition of relative entropy:

Wy, @
d (p (@i, we) ||go (wr)) Zzp Wi, Ot 10g< p(wi t))

o (wy)

== Z Z h (w) m (wel@y) log (W)

Let m (w|w) denote the stationary distribution of m (w¢|@;). Then, taking the lim;_,, for the above

expression results into:

Jim (d (p (@1, wr) 90)) [ZZQO m (w]w) log <m(i@))]

>10g<Zgo ):0

where (c) follows from Jensen’s inequality and the inequality is strict since m (w|@) = q;}(;)) +

go (w). m

A.8 Proof of Theorem 5

Proof. First let us denote Z 9(q,k) = go (k). Then, the problem can be conveniently rewritten

S
into:
Igl(%ikeﬂ V(k)s (k) —C (k) (40)
s.t.
=1I(s(k); = s(k)lo s(k)
rw=1I(s(k);g0 (k) = k;;k (k) log, 70 (F) (41)
s(k) >0, Zs(q,k‘)zl (42)
keQy,

First, note that information, I (s(k);go(k)) is a strictly convex function of the probability
distribution {s(k)}. This follows from the fact that this function is twice differentiable, and its

Hessian is a diagonal matrix which contains only non-negative elements.
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Second, since C' (k) is increasing and convex in I (s (k);go (k)), convexity of information with
respect to probabilities {s (k)} guarantees that the composite function C (I (s(k);go (k))) is also
a convex function of the probability distribution {s(k)}. This in turn implies that the objective
function of the decision-maker is concave in the choice variable {s (k)}.

Maximization of a concave function with respect to a linear constraint with a non-zero gradient

and a set of non-negativity constraints leads to a unique solution satisfying the first-order condition:

V) - <lns(k) +1>>\0.

2\ go(k)
where 6 = % is the derivative of the cost function and X is the Lagrange multiplier

associated with the constraint that probabilities sum up to one. Note that this equation holds for

all k € Q. We can combine first-order conditions for any pair of k and k' € Qxto obtain:

s(k)  go(k) ox V (k) =V (k)
s g0 (k) p( §/In2 )

By further rearranging and summing up over s (k) we obtain the optimal probability (12). m

A.9 Proof of Theorem 6

Proof. Consider a pair of gambles which gives each agent a value differential x € R. Denote
parameter of the gamble pair a = e~*"2 > 0 and inverse cost 1; = % > 0. According to predictions

of rational inattention theory, the choice probability of agent ¢ over gamble pair x is given by:

1 1
Yi = “Zlnz — Ixavi-
1+e 05 +a®

The representative agent’s choice probability is computed by averaging across agents:

_1yvN , _ 1yN 1
YRA = FXil1¥i = ¥ 2i=1 Tta¥i"

Her inverse cost of information is then computed inverting the function:

— 1
YrA = 1+a?RA "

Consider the function f (z) = H% on z > 0. This function is strictly increasing and concave for

a < 1, strictly decreasing and convex for a > 1, equals % when a = 1. This last case happens only

when when x = 0, when both sides are % 80 Or4 is undefined. Consider the case a < 1 first. By

Jensen’s inequality for any (unequal) values z; in the domain and for any strictly positive weights
a; a concave function f (z) satisfies:

f (Ejajzj) > Zj(ggj(zj)-

Ejaj

Hence,
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1 _1lyN 1 1
Travma — NZi=1Than < L TsT

Since the function f (z) is strictly increasing in z it follows that

1 LN 1
m < NEiila'
Similarly, when a > 1 the function — f (2) is strictly increasing and concave. Hence,

1 _1yN 1 1
1+a¥RrA N “i=11+a%i 1+a%ZzN=1w'i ’

Since the function f (z) is now strictly decreasing in z it again follows that
1 1LyN 1
Tr < NZim17;-

Note that the bias disappears only if all agents have identical costs of information (6; = 6;) or

when the two options being compared are identical (a — 1). m

B Appendix: Extended Discussion

B.1 Rational Inattention as a Theory of Probabilistic Choice

Consider a choice between two options, A and B. Figure 6 displays on the vertical axis the proba-
bility of choosing option A whereas on the horizontal axis it displays the value differential between
the two options according to some decision theory. The dashed line shows the predictions of any
existing rational decision theory and the solid line represents a typical observed mean response av-
eraged across a sample population in an experimental setting, approximated by Luce’s probabilistic
choice model.

The observed frequency of choosing option A is at odds with predictions of existing decision
theories: in reality, people do make errors. The frequency of making an error depends on the
difference in values of the two options. The bigger this difference, the more consistent are people
in their choices. The goal of this paper is to construct a model where the observed frequency of

choosing option A can be fully taken into account as an outcome of rational choice.
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Figure 6: Data Averages and Predictions of a Decision Theory

To explain the observed choice frequencies we use insights from the rational inattention literature
of Sims (2003), (2006), Tutino (2011)@ We think that this framework can help explain individual
and aggregate deviations from the rational choice paradigm documented by the behavioral decision
literature.

Rational inattention theory is based on (1) a statistical measure of uncertainty intrinsic to
choice between options and (2) people’s value of those options as determined by their decision
theory. The measure of uncertainty of the options is based on Shannon’s (1948) entropy. Entropy
is measured in bits of information. This measure is parsimonious, yet general, as it depends solely
on the probabilistic nature of the options. Shannon’s channel capacity (1948) is used to measure
the amount of information processed when choosing between options. The amount of information
processed through the channel, equal to the reduction in uncertainty achieved through the choice
process, depends only on the joint distribution between the choice options presented to the decision

maker and her behavior. This reduction in uncertainty is also measured in bits of information.

16 An early description of the ideas behind rational inattention theory can be found in Sims (1998). An accessible

exposition of rational inattention theory can be found in Wiederholt (2010).
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The idea that processing information is costly is captured in rational inattention theory by
associating a utility cost to the capacity of the channel. This cost represents the effort that people
put in processing information. To measure the amount of information that people can process in a
given unit of time, we use the analogy that people’s brains and their cognitive ability of processing
information can be thought of as akin to an information processing device, such as a computer or a
telephone line. These devices can bring a limited amount of information from a sender to a receiver
in a finite period of time. For instance, we rely on the transmission rate of the computer to load
the content of an email. Similarly, we rely on our brain to understand the content of the email and,
possibly, produce a reply. As most information processing devices, the human brain cannot absorb
nor react to information infinitely quickly and precisely. Hence, people’s choices are prone to error.
By error we mean that given two alternatives, A and B, the person might choose alternative A over
alternative B even though B yields higher value than A.

We propose a dynamic model based on rational inattention theory capable of gauging behavioral
variations in repeated settings. In both behavioral experiments and everyday life, a decision maker
is asked to make similar decisions several times over. For instance, in the example of the email,
she might receive emails from the same set of senders. In such a case, the experience accumulated
over time might suggest which sender would command higher attention and where in the text of
a given sender the most important piece of information is located. By exploiting this knowledge,
the decision maker can craft sharper and faster replies over time. Likewise, in an experiment where
there are, e.g., twenty questions each involving two alternatives and such an experiment is repeated
several times, over the course of the experiment, the decision maker can discern more quickly which
questions involve higher stake and focus her attention on those to pick the higher value alternative.
Thus, in a dynamic environment one can investigate whether and to what extent the frequency of
mistakes is associated with the context and whether the understanding of the context acquired via
repeated observations leads to higher or lower perceptional bias.

The key difference from previous rational theories comes from the fact that rational inattention
theory allows the decision maker to rationally choose how much information to process and maps
this choice onto her choice frequency. The decision maker is able to select the pieces of information
that are the most relevant for her utility and ignore the rest. So long as potential errors stemming
from her disregarding of information are taken into account by the decision-maker, inattentive

behavior is a natural outcome of the optimizing framework postulated by rational choice theory.
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We shall now turn to the formal description of the information-processing technology employed
by Rational Inattention Theory and the theoretical framework of the paper. The next subsection

provides a simple example of our mechanism at work.

B.2 The mechanics of the Rational inattention model: an example

To see the intuition behind our application of rational inattention theory, consider an illustrative
example. Two cards are randomly drawn from a deck and placed on the table. A player’s payoff is
determined by the dollar values written on the cards and by her decision of which of the two cards
to pick up. The player is allowed to pick up only one of the cards, the one on the left or the one
on the right, which will determine her payoff. For transparency of exposition we assume that the
player is risk-neutral.

We can interpret the idea that the player does not know the values of the cards ex ante by
thinking of them in a probabilistic sense. For instance, consider a deck with an equal number of
three types of cards with payoffs of $18, $9 and $0 respectively written on them. We assume that
the player knows the payoffs and the probability distribution of the cards. We can interpret the
idea that the player needs to process information before making her decision, as if before processing
information she perceives the cards to be face down.

Before picking up a card, she can choose to process some information about the outcome by
flipping some of the cards. She can take a look at none of the cards (strategy S=0), or just at
one card (strategy S=1), or at both cards (strategy S=2). The more cards she flips the larger the
amount of information he will be processing.

We define the amount of information processed as the reduction in uncertainty associated with
the probability distribution over the potential payoffs. As we shall see, each of the strategies
S € {0,1,2} is associated with a probability distribution over payoffs [18,9,0]. We denote this
probability distribution [pis, pg, po], where all probabilities are non-negative and sum up to one.
Note that each strategy .S implies different probability distributions. The uncertainty associated
with each strategy S is equal to the entropy, denoted H (S), of the corresponding probability

distribution. Entropy is computed as follows:
H (S) = pislog, p1s + pg logy pg + po log, po.

Ex ante uncertainty, equivalent to strategy S = 0, is represented by a uniform distribution.
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When all cards have the same probability % the corresponding value of entropy equals H (0) =
log, % The amount of information processed for each strategy S equals the reduction in uncertainty
associated with strategy S net of ex ante uncertainty, H (0). We denote I (S) the amount of

information processed when playing strategy S. It is computed as follows:

1
I(S) = H(S) — H(O) = P18 10g2p18 +p9 10g2p9 +p0 10g2p0 — IOgQ g

We assume that the player faces a cost of 6 dollars per bit of information to process. The
player ex-ante plans which card (left or right) to pick up conditional on her strategy S and the
corresponding amount of information that she gets. Thus, the player faces a tradeoff between the
expected payoff and the cost of processing information. Her optimal strategy reflects the optimal
amount of information to process and may result in not always picking the card with the highest

payoff.

payoffs $18 $9 $0

outcomes

1818 9.9 0,0
S—=() 18,9  9,18% 09 *
18,0 , 0,18
; 18,18
18,9
18 1810
1
> 87%8
5 *
i 59 9.0
3
Szl 1’\’ &/A
\ $9 918 9.9 9.0 %
$0 018 0,9 0,0
1818 9.9
S:2 $$198 $$198 18,99,18 0,9 0,0
$0| | $0 18,0 0,18 9,0

Figure 7. Decision Tree of the Game.

Following the rational inattention literature, we define the expected value associated with strat-
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egy S as the difference between the expected payoff and the cost of information:
V (S) = 18p1s + 9pg + Opo — 01 (S5) .

Let us consider each potential strategy in turn, derive the corresponding probability distribution
and use it to compute the expected value of the strategy. Figure 7 describes the tree of consequences
for each strategy illustrating the corresponding outcomes and potential payoffs. Strategies are
denoted S=0, S=1 and S=2 on the left. In each case the card which is picked up is highlighted by
a box. Columns on the right represent final payoffs (318, $9 and $0 at the top) and pairs of cards
which would lead to those payoffs under each strategy. For instance, under strategy S=0 the card
on the lef@ is picked up (highlighted). For example, if the card on the left is 0, and the card on
the right is 0, 9 or 18, the player gets $0 (right-most column). Outcomes when the card with a
strictly lower payoff is picked up are marked with stars in Figure 7.

We shall start with two extremes. First, consider the strategy of flipping none of the cards

(strategy S=0). In this case the player can randomly pick one of the cards, which gives him a

uniform distribution over payoffs [%, %, %} . In this case the probability of making an error, i.e.
picking the card which yields a strictly lower payoff is % The associated amount of information is
zero, and the expected value of this strategy is:

1 1 1

Second, consider the other extreme of flipping both cards (strategy S=2). In this case the player
can always pick up the better one of the two. The probability of making an error is zero. This
strategy gives the player $18 in 5 cases out of 9, $9 in 3 cases out of nine, and leaves him with $0

only if both cards contain $0. Therefore, the associated expected value is:

5 3 1 5 5 3 3 1 1 1

Finally, consider the strategy of flipping only one of the cards (strategy S=1) and the associated
conditional choices. Without loss of generality, let the card be the one of the left. In case this card
is $18, it is always better to pick it up and get $18 for sure. In case the card on the left is $0, it is
better to pick up the other card, as the prospect of getting something is better than the prospect of

17We could assume either left or right here, without loss of generality.
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getting nothing for sureﬁ In case the card on the left gives $9, the expected payoffs on the left and
on the right are equal, but picking up the card on the right is associated with higher uncertainty.
This implies a lower amount of information processed, and hence a higher expected value. As a
result, in case the card on the left gives $9, it is better to pick up the card on the right.

By multiplying the probabilities of getting each of the cards on the left by the conditional prob-

abilities associated with picking left or right in each case, we arrive at the probability distribution

[522

35 5] associated with the strategy of looking at just one card:

Loogelt[t1 1] 12 11)_[522
3t 313733 3137373 19°9°9]|"

The expected value of strategy S =1 is then:

5 2 2 5 5 2 2 2 2 1
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Figure 8. Expected Values of the Strategies

18Note that in case the cost of information is so high that the extra uncertainty associated with a gamble on the
right is higher than the incremental expected payoff of $9 on the left, strategy S=0 also strictly dominates strategy
S=1.
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Strategy Prob Dist Info | Value Cost of Info P(error)
0 3/9,3/9,3/9] | 0 9 6> 20.1 1/3
1 5/9,2/9,2/9] | 0.15 | 12-0.150 | 11.9 <6 <20.1 | 1/9
2 [5/9,3/9,1/9] | 0.23 | 13-0.230 | 0<6<11.9 0

Table 7. Properties of the Strategies

Figure 8 compares the expected values associated with each of the strategies. It makes clear that
different values of information cost will lead to different optimal strategies. Table 7 summarizes for
each of the three strategies, the corresponding probability distribution over payoffs, the expected
value of the strategy, the range of costs of information when the strategy is optimal and the
probability of picking the wrong card.

Our example illustrates three points. First, a lower cost of processing information leads to
more information being processed. Second, a lower cost of information is associated with a lower
probability of making an error. Third, even when it is feasible to eliminate errors completely and
make a fully informed choice, it may be optimal to leave room for error if information processing is
costly.

The behavior of the player in our example illustrates a way a person could process information
about any two options. She could be playing a mind game of asking himself questions about the
two options, which will give him pieces of information necessary to make the choice. Ofttimes, the
person would be able to economize on time and effort instead of determining precisely which option
is better. She would economize more in situations when the outcomes are closer to each other.

Note that in our example by asking himself other types of questions like “is the left card 18$7”
or, more generally, by optimally choosing the perceived distribution of payoffs written on the cards,
the player is in principle able to break available information into even finer pieces. A more general
cognitive process which could represent decision making in this case could be described as follows.

Before processing any information about choice options, the decision maker represents uncer-
tainty about the options in the form of some probability distribution over payoffs. She evaluates
the options starting with this prior distribution. One can think of the process of evaluation as a
randomly drawn sequence of attributes that the person pays attention to. Evaluation using each
attribute gives the decision maker new information about the options. He uses this information to

update her prior and obtain a tighter posterior at each step.
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Paying attention to every next attribute involves as much effort. Meanwhile each attribute
makes the posterior tighter lowering the information gain from the next attribute. At some step
the decision maker will feel that thinking more about the options is counterproductive. This will
happen when the benefit from drawing another attribute and tightening the posterior even further
is not worth the cognitive effort of thinking of another attribute. At this point the person will stop
and pick the option with the highest weight in her current posterior.

Of course, the cognitive representation we just described is by no means unique. However, our
example illustrates that the brain works as an information processing device. Independent of the
particular cognitive process, it will have the features of Shannon’s channel and will be subject to
constraints placed by Shannon’s information theory.

We use rational inattention theory, which relies on the analogy with Shannon’s channel to
describe the observed outcome without going into the details of particular representations of gambles
and attributes and their optimal choice in the mind of a person. We follow the rational inattention
literature in adopting the assumption that coding of information is done efficiently, while processing
information through the channel is costly. By coding we mean the process through which people
read’ the information presented to them.

Rational inattention theory provides a general framework for describing choices when processing
information is costly. It does so abstracting from the details of coding information through specific
questions and payoff distributions. In this paper we use rational inattention theory to describe a

general dynamic model of discrete choice among gambles and derive the optimal choice probabilities.

B.3 Coding, knowledge, models of heuristics and coalescing

Our model based on rational inattention theory focuses on a decision maker’s ability to act in an
uncertain environment with limited processing capacity. Our model postulates that the decision
maker, aware of her limited processing capacity, selects the information structure that conveys the
highest utility. As a result, our model predicts that a rationally inattentive decision maker optimally
chooses the amount of uncertainty that he is willing to tolerate by evaluating costs and benefits of
processing information. This subsection makes four observations on the rational inattention model
we proposed.

First, one important assumption of our model is that the only source of uncertainty faced by

the decision maker is in the distribution of options (“states of the world”). We do not address any
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form of cognitive bias that might emerge from presenting the options as made of different numbers
of branches (e.g. three instead of two) or of different probability representations (e.g. pie charts
as opposite to percentages). These cognitive biases are treated in Shannon’s information theory
as coding and decoding problems. As the example in the previous subsection makes clear, the
way options are presented is one potential source of inefficient codeing. That is, when evaluating
the capacity of a channel -human brain, in our case-, a prominent branch of information theory is
concerned about the optimal design and compression of inputs and outputs of the channel. Albeit
we recognize that such a cognitive bias may be sizeable in experimental studies, we choose not to
model this bias explicitly. In the main body of the paper we assume that the coding is always
efficient.

Second, we want to highlight the difference between information and knowledge in our model.
Some studies have interpreted information as equivalent to knowledge. For instance, Gigerenzer
and Goldstein (2011) describe recognition and evaluation as the two processes that constitute
information use for decision making. They describe recognition as the process of accessing memory,
-i.e., previous knowledge-, and evaluation as the process of comparing choice options to objects
in the knowledge base. The decision maker does not acquire new information or produce new
knowledge when using this heuristic process. In our model, recognition corresponds to the prior of
the participant about the gamble she faces. Before processing any information, this prior knowledge
is measured by the uncertainty (or entropy) of the gambles. Then, evaluation corresponds to
processing information about the gambles in order to reduce uncertainty. Thus, in our model,
evaluation is the process of acquiring information and forming new knowledge.

Third, we want to emphasize the difference between rational inattention models and models of
heuristics as advocated by, inter alia, Cokely, Schooler and Gigerenzer (2010), as well as models
based on Decision Field Theory, as advocated by Busemeyer and Townsend (1993). The reason why
we use rational inattention theory to describe people’s behavior is due to the fact that its statistical
foundations make the model general and universally applicable. So long as we can characterize
the distribution of the state variables, we can measure ex-ante uncertainty. So long as we can
postulate a decision theory, we can predict and measure the optimal reduction of uncertainty of the
decision maker. We are concerned about the ability of the model to produce predictions consistent
with observed behavior. We do not take a stand on whether this modeling strategy replicates the

cognitive process that occurs in people’s brains when they make decisions. This area of research
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goes beyond the scope of our paper.

Forth, we want to address the relationship between the information processing constraint and
experimental design, with particualr emphasis on the phenomenon of coalescing. In Section 3, we
pointed out that the technological constraint is independent of the objective probabilities p;; and
the J possible outcomes since by assumption the decision maker cannot influence the experimental
set-up of the gambles proposed: she can only choose which gamble to pick. A word of caution is
in order here. While experiment participants take the format of the game as given, the experiment
designer needs to be mindful of the way the gambles are set-up.

Experimental evidenc@ suggests that varying the number of possible outcomes per gamble
influences the decision-maker’s choice. To make the discussion concrete, we illustrate the point

with the following example:

Example 3 [Birnbaum (2008)]Consider gamble A presented as follows

A: Xy .1 probability to win $100
X3 .1 probability to win $100
Yy .8 probability to win $10

and define p(X1) = pz, = 0.1, p(X2) = ps, = 0.1and p(Ya) = p2 = .8. Now consider gamble A’

where (X1, X2) have been combined as follows

A" Y, .2 probability to win $100
Yy .8 probability to win $10

Gamble A’ is defined as the coalesced form of gamble A. Birbaum (2008) finds that people
choose differently if presented with gamble A compared to their choice if presented with gamble
A’. Rational inattention based Shannon’s information theory suggests that the transformation of
gamble A into gamble A’is not entropy-neutral, i.e., the uncertainty intrisic to gamble A is different
from that of gamble A’ since the event space in gamble A’ is coarser than that in gamble A. Thus,
the decision-maker’s choice when presented with gamble A and gamble A’ would encompass the
difference in costs per bit involved in processing information about gamble A and gamble A’. The

following lemma formalize the statement.

19Gee, e.g., Birnbaum (2003).
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Lemma 4 Given a partition o = [X1, Xa,Ys] we form the partition 8 = [Y1,Y3] obtained by
merging (X1, X2) into Y1 where p(X1) = psy, and p(Xa) = py, and p; = P(Y;). Then

H(8) < H () (43)

Proof. The function ¢ (p) = —plogp is convex. Therefore for A > 0 and p1 — A < p1 < p2 < pa + A
we have that

e(p1+p2) <@ —A)+eP2+A) <@(p1)+¢(p2)

Then,
H (&) = ¢ (pey) = ¢ (Pan) = H (B) = ¢ (Pay + Pas) (44)

because each side equals the contribution to H () and H (8) respectively due to the common
elements of o and 3. Hence, follows from . [

Transforming the event space « into 8 implies moving probability mass from a state with low
probability to a state with high probability. Whenever this move occurs, the system becomes less

uniform and thus entropy decreases. This is the case for the example offered by Birnbaum (2008).

Example 4 [Birnbaum (2008) con’t.]The entropy of the gamble A is larger than the entropy of

gamble A’:
H(A)=092>072=H(A).

Thus, the first gamble has more uncertainty than the second gambles and thus requires higher ca-

pacity to be processed.
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