SUGGESTED ANSWERS FOR MACRO COMPS - 2000-2004
NELSON SOBRINHO

WARNING: The answers suggested here are a collection of old stuffs. | am sure
you will find a lot of mistakes and typos. When you think my answers are wrong
just skip them and stick to your own solutions. I’'m also sure you are able to find
more neat solutions than the ones suggested here. Try to discuss the Q&A with
your classmates, and with senior students. Please let me know all mistakes and
typos you will certainly find.

FALL 2000 - QUESTION 2
(a) Planner’s problem:

max Z,B’{A[log Ci + Blog(1 —Ni)] + (1 — A)[logCa + Blog(1 — Na) 1}
=0
s.t. Cio+ Cor = AN} + ANy

where 1 is the weight of individual and 1 — 4 is the weight of individual 2. Since the
planner cares equally about the individuals we can set 1 = 1/2.

Let n; be the lagrange multiplier on the resource constraint at time ¢. The FOCs are:

12
Ci: Cu =N

12
Cy : Cor =N

_12B AVONYS
Nut TN, =N,
Ny - 12B AYONLY

1_N2t - N2t

After combining these conditions and rearranging terms we get:

Cu
=1=>Cy;=Cy=C
CZ[ 1t 2t t
BN, _ AN’
1 =Ny, C,
BNy _ AY°Ny°
1 — Ny C,

Solving these last two for Nj; and Ny, gives:



1-Ni, _ BGC

N Ay
1 _NZt — BC;
Ny Ay

Since A4, > 4, individual 1 works more than individual 2 because he is more
productive. Both individuals consume the same amount because they are equally
weighted by the planner. Finally, the problem is static, rather than dynamic, because
there is no recursiveness.

(b) Planner’s problem:

max > p{ L[aCF,+ (1 - )1 = N1)T* + LaCg + (1 - )1 - N2)7] ¥ }
t=0

l\)|»—

st Ciy+ Cor = ATONYY + A3ONL?
Let n; be the lagrange multiplier on the resource constraint at time ¢. The FOCs are:

Cyi ¢ 12a[aCS, + (1 - a)(1 - N1)°]7 7' C5 = n,
Ca i 112a[aCS, + (1 —a)(1 = N2)°17 7 Cgt = 1,

o +-1 -1 A%_HNL_Q
Ny 12(1—a)[aCS,+ (1 —a)(1 = Ni)° ] (1 =N1i)° =1, N,

- 1 . AYONY’
NZt . 1/2(1 —a)[aCZ, + (l — 05)(1 —Nzt)a] o (1 —Nzt)a =Nt N2[

After combining these conditions and rearranging terms we get:

. (aC?t+(1 —a)(1 = Ny)° )%
Cy aCq, + (1 —a)(l —Ny)°

(1-a)Ny, _ adl*Ni?

(I-Nw)'=  Cli°
(1-o)N» _ ady’Ny’
(1 - Ny)'-e Ch°

Because preferences are no longer separable in consumption and labor, C;, > C», and
N1 > Ny, Note that the above conditions collapse to the conditions found in item (a)
when ¢ - 0.

FALL 2000 - QUESTION 3
(a) Note: There is a typo in the question. The model is non stochastic.
Planner's DPP:



v(k,h,A) = I;(I;lax{a logc+ (1 —a)log(l —n—s)+ Bv(k',h',A")}

s.t.c+i=Ak(nh)"?

K= (1= 8)k+i
B = (1=6)h+s
A =y4

This problem can be simplified to:

v(k,h,A) = r]?ax{a log[ Ak°(nh)' ™" + (1 =)k =k ]+ (1 —a)log(1 —n—s) + Bv(k', (1 = 81)h +5,74) }

(b) Because the economy has two reproducible factors of production (physical capital
and human capital), the variables will potenttialy grow at different rates along the BGP.
Let g. be the growth rate of consumption, g; be the growth rate of physical capital, and
g be the growth rate of human capital. The variables n and s are already stationary.
Using the resource constraint we get:

Co o knr
kT k

(%= )—+g _( gh )k‘“(n,h)l@+l—6k
k

where the hat denotes stationary variables.

= A (nh )0+ 1 -6k

The left-hand side of the above expression is stationary if g. = gx = g. The right-hand
side is stationary if

210 = ygi=?. This implies that
ge=gi=g=y1g
Now use the law of motion of % to pin down gj:
ht+1

ho 1 -0+ 2% hz
gh=1-0,+ giﬁz
This expression is stationary if
gn =1 (1)
Therefore,
g=ym (2)

Characterization of the BGP:
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(c) First, write down the planner’s stationary problem:

1

v(k,h) = n ax{alog[l}‘)(nﬁ) Y-8k - yﬁfc/} +(1—a)log(l—n—s)+ vk, (1 - 5h)ﬁ+s)}
k' n,s

Second, derive the stationary optimality conditions:

1

ay 1o

FOC k' : = Bvi(k', A" (3.1)
1 -0k (nk)"™*
Focn: SUZOF(R) — _ 1-q (3.2)
én l-n-s
Lo l-—a P
FOC s : — Pva(k',h") (3.3)
. ok° (nit) '™
ECh:wi(hA) = %((HT)”_S") (3.4)
a0k (k)™ -
ECH: vk h) = - + Bva(K,B)(1 = 81) (3.5)
C
Substituting (3.4) into 3.(1) gives:
1 ] 1\ 1-0
yrre [ 0KO(n'R")
z —,B(T+1—5k (3.6)
Substituting (3.3) into (3.5) gives:
- a(l=0k(nh) |,
vak, h) = i 1 (1=0w)

Therefore,

a(l -0k (n'h")"™

C/;/h/

va(k ) = P (1-6))

1—n
Substituting this back into (3.3) gives:

] 1\ 10
1l—a a(l—@)k(’(nh) 1l—a
= 1— 4
+p n,_s,( on) (3.7)

l-n-s & 1 -




Collecting equations (3.2), (3.6), (3.7), and the other constraints we get:

Production function : j, = k¢ (n.A,) 0
Resource constraint : ¢, = y, + 1,
Law of motion of capital : k. = (1 — )k, + i

Law of motion of human capital : /.1 = (1 —8,)h +s;

Labor choice : a(l—@)yt __l-a
1 —n;—s;

oo

LAt
ki
l-a ( a(l = ) (1—a>(1—5h>)

1—n—s ¢l 1 —ne =S

°°|H Q)

Q)

Physical capital euler equation :

Q)

Human capital euler equation :

Third, get the steady state system of equations:

= ko (nk)" (4.1)
E=p+i 4.2)
i =Sk (4.3)
s =0 (4.4)
al-0)y _ _1-a
n ¢ l-n-s (4.5)
YT = ﬂ(9%+1—6k) (4.6)
l-g _gfe(1=0)y . (l_a)(1_5h))
l-n-s _ﬁ( 5 ¢C l-n-s (4.7)
Calibration strategy:
Parameter to be calibrated Data Moment Needed Equation used to calibrate
a fraction of hours worked 4.5
B capital-output ratio 4.6
y GDP growth rate
Ok investment-output ratio 4.3
on fraction of time spent in education 4.4
0 fraction of capital income on total income

(d) Household’s DPP:



v(k,h,b,K,H,A) = max {alogc+ (1 -a)log(l —n—s)+ pvk',h',b".K',H,A")} (5)

st.c+k' +qK H A =r(K,H Ak +wK,HA)(nh) + (1 -8 )k+b
B o= (1—8)h+s
K' = Gi(K,H,A)
H' = G2(K,H,A)
A =A4+¢

where b is the one-period contingent claim and ¢(K, 4) is the contingent discount price.

Final goods producer:

n}&x{A(K)"(L) 0 — (K, H,A)K — w(K,H,A)L} (6)

Note: | am using capital letters to denote firm’s choices.
Definition: A recursive competitive equilibrium for this economy is:
(i) A set of decision rules k'(k,h,b,K,H,A),b'(k,h,K,H,A),n(k,h,b,K,H,A),s(k,h,b,K,H,A)
(i) A set of decision rules K(K,H,A4),L(K,H,A) for the firm
(iii) Pricing functions (K, H,A4),w(K,H,A)
(iv) Aggregate lawS of motion X' = G|(K,H,4) and H' = G»(K,H,A)
such that
(1) Given (iii) and (iv), (i) solves problem (5)
(2) Given (iii), (ii) solves problem (6)
(3) Markets clear:

L = n(K,H,0,K,H,A)h(K,H,0,K,H,A)

K = k(K,H,0,K,H,A)

0=>b'(k,h,K,H,A)
By Walras’ law the output market also clears.
(4) Perceptions are correct:

K'(K,H,0,K,H,A) = G(K,H,A)
(1-6,)H-5s(K,H,0,K,H,A) = G2(K,H,A)

(e) A positive technology shock raises the marginal product of effective labor
("effective labor" = nh), hence it also raises the real wage rate per units of effective
labor. The amount of raw labor (n) will increase at the impact. Since the return on

education also increases, s will also increase. If my claimi is right, s is procyclical. Be
careful, however, because the technology shock is a random walk, which means the
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shocks are permanent. Therefore, a positive technology shock is equivalent to a
permanent income shock. Try to figure out the effects of a permanent increase in
income and check if my claim is right.

SPRING 2000 -QUESTION 2
(a) They are consistent with balanced growth path. In particular,

(i) the utility function is consistent with the empirical fact of an elasticity of substitution
between consumption and leisure close to 1

(i) the production function is consistent with the empirical observation of constant
input shares

(b) To make the discussion clear, note that the steady state equations that
characterize the planner’s solution are:

Labor choice : —44_ = (1 —9)2
1-h ¢

Euler equation : 1 = ﬁ(% +1 —5)

Law of motion of capital : 7 = 6k
Resource constraint : ¢c+7=y
Calibration strategy:
Parameter to be calibrated Data Moment Needed Equation used to calibrate
A fraction of hours worked Labor choice
p capital-output ratio Euler equation
1) investment-output ratio Law of motion of capital
0 fraction of capital income on total income

As for the markov chain, assume that

1 -
p— P1 P1
l-p2 p2

where p, is the probability of the low state (recession) and p; is the probability of high
state (boom).

Note that if p; > and p, > 0, the invariant distribution is unique and equal to

( 1 — P2 1 —pP1 )

2-p1—p2’2-p1—p2

In order to calibrate these two probabilities one could look at the times series of GDP
during recessions and booms and then estimate the persistence of each state. The
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probabilities p; and p, would them have to match the persistence of recessions and
booms, respectively.

Another way would be to approximate the solow residual z, by an AR(1) process, such
as z,u1 = (1 — p)u+ pz, +£41, Where ¢ is i.i.d. with zero mean and variance s2. One
could fit this equation by OLS or other estimation method and come up with estimates
for p,u and o. Then one could approximate this AR(1) process by the two state
markov chain above. Use the conditional and uncondintional first and second
moments to calibrate (zy,z.) and (p1,p2):

ElZlz=z]=zip1 + (1 =p1)z = (1 = p)u+ pz;
E[Z'|z = zy] = zupa + (1 = p2)ze = (1 = p)u+ pzn
1—p2 I—Pl
Elz] = +
2] ZL2-p1-p2 ZH2—p1—p2
1-p2 1 —pi
v _ 2 42 __o
ar(z) ZL2—p1—p2 ZHZ—p1—p2 1_p2

(c), (d) See Hansen’s HW4.

(e) It was shown in Hansen’s HW4 that the model with indivisible labor, lotteries, and
log utility implies the following type of preferences: u(c,1—h) = logc — Brh, where
B = — Alog(1 — h)/h and 7 is the probability of working.

Household’s DPP:
v(K,k,b,z) = Iglqu{logc — Brh + BE[v(K',k',b',2")] } (1)

c=r(K,2)k+wkKz)rh+ (1 -8)k+b-k —q(K,z)b
K' = G(K,z)
z' € {z;,zy} with transition matrix P
where ¢(K,z) is the contingent price of the one-period contingent bond 5.
Firm’s Problem:

%;;{eZ(kf)@(hf) (KK - wK, )R} (2)

Definition: A RCE for this economy is:

(1) A set of decision rules k' (K, k,b,z),b' (K, k,b,z) and n(K, k, b, z) for the household.
(2) A set of decision rules ¥/(K,z) and #/(K,z) for the firm.

(3) A set of pricing functions r(K,z), w(K,z) and ¢g(K,z).

(4) An aggregate law of motion for capital G(X,z).

such that



(i) Given (3) and (4), (1) solves the household’s DPP.
(ii) Given (3), (2) solves the firm’s problem.

(iii) Markets clear:

K (K,z) = K
W(K,z) = n(K,K,0,z)h
b(K.K,0.2) = 0

(iv) Perceptions are correct:
K (K,K,0,z) = G(K,z)

SPRING 2000 -QUESTION 3
(a) Planner’s DPP:

o _ oo L
WK 1,K2,A1,42) = max { [a(41KIN? —K5)° + (1 — a)(42KINS? — K1) @ }

NiN2.K1K —B(N1 + N») + BE[v(K',K}, A}, 45)]
Ay =1+¢}
Ay = 1+¢),
FOCs:
Ni : [2CS + (1 —a)C3]7 ' aCs ' (1 —0)4,KINT = B
Ny [2CS + (1 —a)C317 (1 —a)CS (1 — 0)4:KN5® = B
K} ¢ [aCs +(1-a)C3]7 7 (1 - a)CS™! = BEvi (K} Kb, 4}, 45)]
K, : [aCS + (1 —a)C3] 7 aCs™! = BE[v2(K', K}, A}, 45)]
ECs:

K1 vi(K1,K2,A1,42) = [aCs + (1 —a)CS]7 ' 'aCg' 04, KN
K> va(K1,Ka,A1,42) = [aCT + (1 — a)CS]7 ' (1 — @) CS 04, KE I N1
Substituting the ECs into the two last FOCs gives the following two euler equations:

(1= )[aCF + (1 - )31+ 5" = BE(aC [aCly + (1 - a)CF] 7 041K P N0
o[aCF + (1 - )C31*7'C3™ = BE((1 - a)CF ' [aCY + (1 - a)CF] 7 045K NS

(b) The steady state system of equations is:



[aCF + (1 —a)CS]7 'als ' (1 — O)RINT = B
[aC? + (1 —a)CS17 ' (1 = )T (1 — O)KINS? = B
| - @ _ BOKI-INI-0
O pORY AL
¢\ = KNI - K,
¢, = KINYY - K,

Check: 6 equations and 6 unknowns (C;,C2,Ni,N2,K1,K>).
(c) Household’s DPP:

1
oaCS+(1-a)C5]° —Bn+
v(ki,k2,K1,K2,41,42) =  max [aCF ,(, )12,] B
kLG | B[V, Ko, K, K, A1, 4D)]

Ci+ klz +p(K1,K2,A1,A2)(C2 + k’l) = W(K],K2,A1,A2)n + I”(K1,K2,A1,A2)(k1 + kz)
K} = Gi1(K1,K2,41,4>)
K; = G2(K1,K2,41,4>)
Ay =1+¢)
Ay =1+¢)
Remarks: (i) p is the relative price of the final good 2, (ii) | am assuming perfect factor
mobility.
Firm 1’s problem:

0 1-0
}(Ill%{/h (KJD (M) — H(K1,K2,41,42)K| — W(KlaKZ,AI,AZ)N]I}
Firm 2’s problem:

0 1-0
g%{P(Kl,Kz,Al,AﬂAz(KJ;) (Né> _r(Kl,K%Al;AZ)KJ;_W(KlaKZ,AlaAZ)N];}

Definition: A recursive competitive equilibrium for this economy is:

(I) A set of decision rules kll(kl,kz,Kl,Kz,Al,Az), klz(kl,kz,Kl,Kz,Al,Az),
C](k],kz,Kl,Kz,Al,Az), Cz(kl,kz,Kl,Kz,A1,A2), n(kl,kz,Kl,Kz,Al,Az) for the
household.

(i) A set of decision rules K{(Kl,Kz,Al,Az),N’;(Kl,Kz,Al,Az) for firm 1.
(iii) A set of decision rules Ké(Kl,Kz,A1,A2),N§(K1,K2,A1,A2) for firm 2.
(iv) Pricing functions (K 1,K>,A41,42),w(K1,K2,A41,42) and p(K,K»,41,A42).
(v) Aggregate laws of motion G (K,K>,41,42),G2(K1,K2,41,A42)
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such that

(1) Given (iv) and (v), (i) solves the household problem.
(2) Given (iv), (ii) solves the problem of firm 1.

(3) Given (iv), (iii) solves the problem of firm 2.

(4) Markets clear:

K'\(K\, K2, A1,42) = ki(K1,K2,K1,K2,A1,A42)

K5y(K1,K2,41,42) = ka(K1,K2,K1,K2,41,42)

N\(K\,K2,41,42) + No(K1,K2,41,42) = n(K1,K2,K1,K2,A41,452)
C1(K1,K2,K1,K2,A1,42) = A (K1) (N0 — k) (K1,K2,K1,K2,41,45)
C2(K1,K2,K1,K2,41,42) = A2(K2) (N2)'™0 — k5 (K 1,K2,K1,K2,41,45)

(5) Perceptions are correct:

ki (K1,K2,K1,K2,41,42) = G1(K1,K2,41,42)
k5(K1,K2,K1,K2,41,42) = G2(K1,K2,41,42)

The planner solution coincides with the market solution because both welfare theorem
hold.

(d) Let p be the relative price of sector 2 output:

Y = Yiu+pYy
_ 0 1-0 | - 0 1-6
= A1 (K1:)"(N1r) + pA2(K2)" (Nar)
ologY, 0 -0 _ Yu
alOgAlt B (Klt) (Nlt) N Alt > 0

If the above computation is right, the macroeconomic impact of sectoral shocks does
not depend on a and o. Try to check my solution because this result is quite
counterintuitive in my opinion.

FALL 2001 - QUESTION 2

(a)
(i) Planner's DPP:

v(k,z) = max {nU(cl,l —h)+ (1 -n)U(cy, 1) + ﬂE[v(k’,z’)]}

k' ey,
s.t. ncy + (1 —n)cy = zF(k,nh) + (1 = &)k — k'
z'~G(Z',z)

where n is the probability of working (or the fraction of people working), c; is
consumption when employed and ¢, is consumption when unemployed.

11



(ii) System of equations that characterize the solution:
FOCs c¢i,c2 : Ui(er,1 —h) = Ui(ca, 1)
FOC n : Uca, 1) — U(c1,1 = k) = Ui(cy, 1 — E)(ze(k,nﬁ) —c1+ cz)
Euler equation : Ui(c1,1—h) = B[Ui(cy,1 - h)(ZFi(k,n'h) + 1-5) ]
Resource constraint : nc; + (1 — n)ca = zF(k,nh) + (1 — 8k — k'

(b)
(i) Planner's DPP:

v,k ... K" z) = I?J%X{U(c’l —h) + BEv(K' K",... .k ,z")]}

st.c = zF(kh) —i

- 1lp, L 1 L op N ' -1
i= JP+ JP_1 +...+JP_J+1 J(k + k" . 4K J(l Ok+k +. .. +k")
kJ = (1 —5)/(]_1 +P
Z'~G(Z',z)
(ii) System of equations that characterize the solution:

FOC#h : Uz(c,l —h) = U1(C,1 —h)ZFz(k,h)
Euler equation

[Ur(c',1 = ') + BEU (", 1 = h") +...+B2EU (/1,1 = B)])(=L6)
+BIBEU (¢!, 1 = )@ F (K, 1) + (1 - 6))]

Ui(e, 1 —h)% - ﬁE[

Resource contraint : ¢ = zF(k,h) + %(1 -0 (k+k +...+k7 1) - %(k/ + k" +. 4K

FALL 2001 - QUESTION 4
(a) The consumer is indifferent between the two consumption streams if

EoZﬂ’c’ — Zﬁ’cl‘x_;l (1)

Substituting for ¢, gives:

|:(1 +Q)ctezf_§"2:|1 1

EoZﬁ[cta_ _EOZﬁt — g

_ Zﬁ, [(1+Q)z,] e -0 f (el-az) _

1-a

Given that z is i.i.d normally distributed, then ¢U~%* is i.i.d lognormally distributed with
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mean ¢("¥*2%¢ (see Casella and Berger for the relationship between the normal and
lognormal distributions). Therefore,

EOZﬂzct - Zﬁt (1+Q)C]

12 21 .2
e_(l_a)TUze(l_a) 20z _ 1

l-a
1 —a —a(1—a)Lo§ _
Zﬁt [(1+ Q)] e 708 1
= (Lr @)t Zﬁ’ - a0 P
Substitute (2) into (1) to get:
(1 + Q) eeati-a)fo? i B et 1 _ i B el -1

s l-a (1-a)(1-p) ~ l-a

-a ~1-a
l-a ,~a(l-a)Lo2 ¢ _ ¢
(1+Q) e =03 E:ﬁf — =D "

=0 =0 @
(1+Q)'™ = (e_GZ)
1+Q =e2°

2
Qzexp(agz)—l

The coefficient of relative risk aversion a is usually estimated around 2. Additionally,
assuming that the stochastic process =z, probably describes business cycles
fluctuations, we have that estimates of o, for the US are small than 1 percent at a
quarterly basis. Therefore, the value of exp(ac?/2) is only a little bit larger than 1. This
implies that Q is very close to zero. The parameter Q is the additional consumption
required by the agent to compensate for fluctuations in his consumption stream
because of business cycle volatility. Therefore, it is a measure of welfare cost of
business cycles. Since we concluded that Q is very close to zero for reasonable
values of o and o then the Lucas’ claim that business cycles are not that costly might
be true.

(b)

EoZﬁlc’a_ =Ey Zﬁt[(l+Q)COGXp<Zso __62>:|1a

l-a

exp[(1l-a) (X, 2z -502)] 1
1

. - 1-a < t
= [(1 +Q)20] Zﬁ — T U-a)(1-p)

Because z, is independently distributed across time we have that exp[ (1 - a) > z ]
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is lognormally distributed with mean exp[(1 - a)*4-02]. Therefore,

R S I e g P - ) (1 —a)Fo? — £o?)] 1
Eogﬂ—l—a = [(1 +Q)zo]" ;ﬁ 1—a2 2 T U= =p

[(1+Q)ge]"™ -2 ) 1
o EZOk 0)2)"u—ax1-m

t=0

[A+Q)e]™ | _ 1
(1 —a)(l —ﬁe—aﬂ—w%) (I=a){d =5

Again, the consumer is indifferent if

0

~1-a * l-a
(-1 _ cc “—1

0

N [(1+Q)eo]™ _ 1
L (-a)(1-peerot) (-al=P
cp _ [(1+Q)3]"™
(l_a)(l_ﬁ) (l_a)(l_ﬁea(la)%)
1 _ 1-a 1
(1 _ ﬁ) - (1 + Q) L ﬁe—a(l—a)%

o?
1 — ﬁefa(lfa)T
1-p
1

Q—w%aﬁ) Lopetof )7 I
- o? B
2\ et 1o p)

This result is different from (a) because not only the current shock but also the past
shocks affect the consumption stream. In another words, shocks are persistent. If the
term in the second brackets is larger than 1 (which for me is not that clear) then the
welfare cost of business cycles is bigger now.

FALL 2001 - QUESTION 5

(a) To begin with, note that apart from the technological progress both sectors use the
same production function (same f). Without loss of generality, assume that the
production function f'is Cobb-Douglas, with capital share 8 and labor share 1 — 6. The
variables that must be detrended are: k, k.., ki, cm,cpn. First, note that aggregate capital
is produced by the market technology and then allocated to each sector. Therefore,
along the BGP the stock of capital in both sectors must be growing at the same rate.
Additionally, consumption in the market sector must grow at the same rate as the

(1+Q)"™ =
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aggregate stock of capital. Call this rate g,,.

Use to resource constraint for the market sector and the properties of constant returns
to scale technology to pin down this rate:

Cmt + ki1 = Zmefleme, Xonelme) + (1 — 8)k;
Comt + ki1 = th(kmt)H(thlmt)l_e + (1 = 0)k,
gl + g e = zw (ke ) (€7 L)' + (1 = O)gluk
G + Gukrer = zu(g0 O ROILY + (1 - 8k,

This equation is stationary if
gm = e (1)
In this case we have:
Cmi+ ekt = Zuf (ks Lt ) + (1 = 8k (2)

Now lets pin down the growth rate of ¢;. Call this rate g;. Using the resource constraint
for the home sector we get:

cn = Zinfkene, Xnel )

Cht = th(thichH(Xhtlht)l_o
This expression implies that the technological progress in the home sector is both
"capital-augmenting" and "labor-augmenting". Because the production function is
constant returns to scale, we can combine the factors X,, and X, into one single factor

X =exp[@ym + (1 —0)y,], which is sometimes referred to as "TFP-augmenting"
technological progress:

>, 7.0 71-0
EnCht = Ztht<khzlht )

” Oy+(1-0vin ! rrp 1
Cht = th(eT) (kitl}u@)

This equation is stationary if
gn = eOVM"'(l_O)Vh (3)

Note that the growth rate of ¢, is a weighted average of the technological progress in

each sector. The intution is that the home sector is benefited by its own technogical
progress and by the technological progress in the market sector embodied in the
capital stock.

The stationary resource constraint in the home sector is:
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Cne = Zhﬂicm,lhz) (4)

Finally, lets adjuste the lifetime utility:

U=E, Z,B’[alogcmt + (1 —a)logcn + Blog(1l — L — In)]
t=0

= Eo ), B'lalog(ghém) + (1 — @) log(g)én) + Blog(l = L — Iu)]

=0

= Eo ) B'Tarlog(ém) + (1 — a)log(¢m) + Blog(l — L — lu) 1+ @ Y _ Pitloggm + (1 —a) D _ P'tloggy
=0 =0 =0

=Ey Zﬂ’[alog(émt) + (1 —a)log(¢én) + Blog(l — Ly — 1) ] + #(dloggm + (1 —a)loggn)

t=0
From now on we can ignore the constant term.

Using the previous equations, we can write down the planner’s DPP as follows:

v(k,zm,z1) = max {alog(én) + (1 —a)log(én) + Blog(1 — 1, — 1) + BE[v(K',z,,,2}) >

k’,km,lmalh

s.t. én = zuf(kmdn ) + (1 = Ok — ek
Ch = th(if— ]}malh>

Zm = (1= p) + pzm1 +&m

Z}l = (1 —p) + pPZp-1 + Ep
(b) I guess there is a mistake in the question. Where you read "are also necessary
conditions" we should read "are also sufficient conditions". Since the objective function
is strictly concave we require the opportunity sets to be convex for the FOCs to be
also sufficient conditions for a maximum. The shape of the opportunity sets depend on
the assumption you make for the production functions. One sufficient assumption

would be that both production functions are concave in each argument, for example
the Cobb-Douglas case.

The planner’s FOCs are:
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I B ameZ(l}m,lm

. 1_lm_lh ém
B (1 —a)thz(/Af—/Acm,lh)
lh . = -
1 —1n—1n Ch

ko - aszl(l}m,lm> . (1-(1)th1(/}—]},,,,[;,)
m - ém = éh
g aern _ppl a(1-9) (1= a)zyfi (K = ka1,

B Cn Z,

(c) Household’s DPP:
VK, kyzmyzn) = max{a log(¢m) + (1 —a)log(én) + Blog(1 — 1) + ﬂE[v(]A{’,lAc’,z;n,zZ)} (5)
K Lé)

s.t. ém = WK, zm,zn)l + (K, zmy 21k + (1 = 8k — ek’ — p(K, zm,21)Cn

K' = G(K,zm,z1)

Zw = (1= p)+ pzm-1 + €n

zp = (L= p) + pzp1 + &

where p is the relative price of the home consumption good. Note: | am assuming that

there is perfect mobility of factors across sectors so that the wage rate and the rental
rate of capital are the same in both sectors.

Home consumption goods producer:

km%X{P(k,Zm,Zh)th(kh,Lh) ~ WK, zmyzi) L = 1K, 2y z0)Kp } (6)
hsteh

Market goods producer:

max {z,,f(f(m,Lm) ~ WK, Zm,21)Lm — F(k,Zm,Zh)f(m} (7)

Km :Lm

Note: | am using capital letters to denote firms’ choice variables.

Definition: A recursive competitive equilibrium for this economy is:

(i) Decision rules k' (K, k,zm,z1), (K, k,zm,z1),é1(K, k,zm, z4) for the household

(i) Decision rules K;(K,zm,z1), La(K,zm,z1) for the home consumption goods producer
(iii) Decision rules K,,(K,zm,z1), Ln(K,zm,z) for the market goods producer

(iv) Pricing functions w(K,zm,z1), (K, Zm,z1),p(K,Zm,z1)

(v) An aggregate law of motion X' = G(K,zm,z5)

such that

(1) Given (iv) and (v), (i) solves problem (5)
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(2) Given (iv), (ii) solves problem (6)
(3) Given (iv), (iii) solves problem (7)
(4) Markets clear:

l(kokozmazh) = Lm(k,zm,Zh) +Lh(k,zm,2h)
f( = f{m(k,zm,zh) +f<h(f<,zm,2h)
éh(k,k,zm,Zh) = Z}J‘(i{h(k,Zm,Zh),Lh(k,Zm,Zh))

By Walras’ law the market goods also clears.

(5) Perceptions are correct:
]}/(f{,f{,zm,Zh) = G(f(,Zm,Zh)

(d) Overall, the economy is more volatile with ¢ = 1/2 than with a = 1. In the latter case
the home sector is active and the aggregate economy is hit by two different shocks.
Moreover, the household has more margins for substitution. For example, if there is a
positive shock in the home sector and a negative shock in the market sector, then
resources will be reallocated to the sector with the positive shock. If the economy has
only one active sector (case of a = 1) this cross sector substitution becomes
impossible. | leave the details of what happens with each variable to you.

SPRING 2001 - QUESTION 1
(a) Planner’s DPP:
[C(1 -H)']"" ~ 1

l1-0o

v(K,T') = max{

+ ﬁTIV(K’,F’)}
K'.H
st. C+nK' =TKH'? + (1-6)K
"=yl
This problem is well defined if gn < 1.

(b) From the resource constraint you can figure out that along the BGP all variables
grow at the same and constant rate g = y. | leave to you the full characterization of the
BGP.

(c) First, find the equations that characterize the BGP steady state of the economy:
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Production Function : ¥ = K/H'-0
Resource Constraint : C+7=7Y
Law of Motion of Capital : / = (ny + — 1)K

Labor Choice : (1 - a) fl = a(l _9)%

Euler Equation : y = ,8(0% +1 —6)

Note: | am using hat to denote stationary variables.

The quarterly data we have are:
(i) : g, = (1.014)"* = 1.0035
(i) : g = (1.015)"* = 1.0037

i) : & =0.4

(iii) =

: I

v) : = =25

(iv) =

v): K —4x35-14
Y

(v) : H=.31

(vi): 0 =1.5

The parameters we need to calibrate are: «,f,7,6,1n,0. Note that y,n and 6 are
calibrated directly from facts (i), (ii) and (iii), respectively:

y = 1.0035
n = 1.0037
0=0.4

To calibrate 6 use the law of motion of capital and facts (iv) and (v):

A A

5= é -y =Yy - =25 11~ (1.0035)(1.0037) = 0.010644

Use the values of v, and 0, fact (v) and the euler equation to calibrate g :

f=——~t— = —L00I — 0.98583
9%4_1_5 A7 +1-0.010644

Finally, to calibrate o use (v) and the labor choice equation:
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H/(1 - H) H - 31 — 0.35963

- : _ 1 _ 1
A-0L+m(-m (-0 -Hm+H  0.6%69 7 +31

SPRING 2001 - QUESTION 2
(a) The problem solved by country i is:

max Y _ Bilog(ks + (1 — 8)kir — ki), i =1,2
=0

The capital euler equation for country i is:

L = Biakit +1-6), i=1,2

In steady state we have:

#ZMPki+1—5=Ri, i=1,2

where R; is the return on capital and MPk; is the marginal product of capital in country

1.

Solving for the per capita capital k; and per capita income y;:

1
1-a

= () i

o

()i

If there is no capital mobility, each produces and consumes in autarky. Using the
parameter values we get:

ky = 6.0858
ky =2.5201
71 =1.8257
72 = 1.3608

Note that although the technology is the same, country 1 managed to accumulate
more capital and get a higher per capita income because it is more patient (higher
discount factor). Also note that the steady state marginal product of capital and hence
the return on capital is higher in country 2:

1.02 =Ry =MPki+1-6 <MPk,+1-6= R, =1.10

(b) With perfect capital mobility, the low-return country 1 can export some of its capital
to the high-return country 2. The capital outflow will raise the marginal product of
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capital in country 1, and the capital inflow will reduce the marginal product of capital in
country 2. This process continues until the return of capital is the same in both
countries, that is until

Ri =R, =R

where R is the common rate of return in steady state.

The problem solved for country i is now given by:
max Y _ Bilog(k% + (1 = 8)ki — kit + bieet — Ribir), = 1,2
=0

where b; denotes imports of capital (if positive) or exports of capital (if negative).
Obviously,

b1+b2=0:>b2=—b1
Now we have 2 eulers equation for country i:

Ll = Bi(akl +1-08), i=1,2

Cit
EL =~ BiR, i=1,2
In steady state we have
1 =Bi(ak¥' +1-8), i=1,2 (1)
1 =B8R, i=1,2 (2)
From the above argument we know that
aki'+1 -6 =ak§'+1-6=R
Hence, equations (1) and (2) collapse to just one condition:

i:R, i=1,2 (3)

The problem is that equation (3) cannot hold simultaneously because the discount
factors are different. This leaves us with three possible situations:

N1 1
() : B <R< 5
P -1
(lz).ﬁ1 <R 5
(iii):ﬁ=R<i

Note that these three cases compare the marginal rate of substitution (or marginal
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cost) of each country 1/ to the return on capital (or marginal benefit) R. We can
dismiss (i) and (ii) because they imply that country 2 will accumulate too much capital.
Besides violating the TVC, this would drive the marginal product of capital in this
country to zero. Hence, country 2 would be better off by exporting some capital to
country 2. Therefore, (iii) must be the equilibrium. The intuition is that country 1 will
accumulate enough capital to afford its own consumption and investment and still
borrow some of its capital to country 2. Since country 2 is less patient it will not
accumulate any capital (zero investment). Instead, it will borrow from country 2 all the
capital it needs and will use this capital to produce its own consumption and to pay
back the capital borrowed plus the return R. In the limit, country 1 will own the entire
capital of the world and country 2 will own nothing. However, because of trade both
countries can consume more and are better off than in autarky.

Since the euler equation holds for country 1 we have:

1 za1q_ I _ a e
5, ak' +1-6 =k (1/ﬁ1_(1_5)) 6. 0858

This implies that the marginal product of capital is
r=20.10
Because country 2 does not accumulate capital we have:
kr =0
The capital account is given by:
ki +b1 = ky+by=ky—b

p = ki
= by = >

1 l_fl
= by = 5
Also,

71 = GDPy = k§ = 1.8257
GNP, = GDP, — rb; = 1.8257 — 0.10(~3.0429) = 2. 1300
75 = GDP; = (%) —1.4491

GNP, = GDP; —rby = 1.4491 —0.10(3.0429) = 1. 1448

(c) Capital mobility reduces per capita GNP for country 2 from 1. 3608 to 1. 144 8. (note
that GNP = GDP in autarky), although it improves per capita GDP, and its share of
world’s output from 1.3608/(1.3608 + 1.8257) =.427 to 1.4491/(1.
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4491 + 1.8257) =.4425.
SPRING 2001 - QUESTION 5

(a) To begin with, note that the transition matrix assumed here implies that the shocks
are not only independently but also identically distributed. The joint distribution of
shocks (conditional and unconditional) is:

Pr(y = ¥'szm = Zmza = 2§) = (0.5)% = 0.125

where
(i,j,k) € {(H,H,H),(H,H,L),(H,L,H),(H,L,L),(L,H,H),(L,H,L),(L,L,H),(L,L,L)}, H=
high and L = low.

Instead of writing down the planner's DPP, in which we have to deal with 8 value
functions, it is easier to set up the sequential problem:

max Eg Z ﬂt[(%thlmt)a(%thlht)l_a - B(lmt + lht)]

t=0

= max iﬂ’ Z Pr(y = Yz = Zn,zh = z’,‘,)[yi(ihi’;ﬁy(zl,jlﬁ)l_a —B(Z'}n + l’,j)]

=0 (i k)

Given (y = y',zw = Zh,zi = z§ ), the FOCs are:

ay’ (Z%Z’ﬁ ) “(h by

byt B = .
Em
l1-a lZ]m}/m ¢ klk Ia
jo g o k)(zm
l
These imply:
o _ b
l-a I

Combine this equation with the time constraint Z, + £ = 1 to get:
by = a
k=1-a

(b), (c) The time spent working in each sector is constant, regardless the aggregate
and sectoral shocks. However, sectoral consumption responds to both shocks.

FALL 2002 - QUESTION 1

(a) Suppose there is a benevolent social planner that maximizes the welfare of the
representative agent. Let n be the fraction of employed agents. The planner will
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maximize the following weighted average utility function:

I GO L) (c3(1=0)-e) 7 — 1
U(ci,c2,n) = n - +(1-n) -0

I GO L) 200

=n - +(1—n)—1_6

where ¢, is the consumption of employed agents, and ¢, is the consumption of
unemployed agents. Note that total hours worked are H = nh.

The aggregate resource constraint is:
ney + (1 —n)es + K = eK0nh)' ™ + (1 - K (1)

Bellman equation:

e (1= m) 2+ BE(K,2)]

a(] — }_l l—a\1-0 -1 a(l-o) _
WK.2) = max {n (i1 =h)) c 1
K' 1,2

ner + (1 —n)es +K' = eK0mh)' ™ + (1 - 9K
z' = pz+¢€

(b) Combining the FOCs with respect to ¢; and ¢, gives:

- (-o)(1-0)

€2 = (1 - fyaon 2)

The FOC with respect to n is:

. = 1-0
(1 ~ %)(a 1 ) _ a(l - 0)e*K%(nh) 3)

1-0 ney

Combining the FOC with respect to K' and the EC yields the following capital euler
equation:

- ﬁE[ (g_; ) o (67K (') +1-6) J 4)

The solution to the planner’s problem is characterized by equations (1)-(4).

(c) The answer depends of the size of the coefficient of risk aversion o. Using
equation (2) we have the following relevant cases:

oc=1=>c¢c =c;

o>1=c¢ >0

(d) Without loss of generality assume o = 1 (You can try the other case as well). This
implies the following utility function (see Hansen’s HW 4):
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U = alogc, +n;(1 —a)log(l — h)
(1 -a)log(l —h)

= aloge, — A(nih) where 4 = 7

= alOgCt—AHt Wherth = }’l;]jl
Now, the dynamic system of equations is given by:

Production function : y, = e#K/H,'-?
Resource constraint : ¢, + K1 =y, + (1 = 0)K,

Labor euler equation : 4 = a(1 —0) cylél
Lt

Capital euler equation : 1 = ﬁEt[( C(;il )(9 IJ;_M 1 5)}
t+1

This system of equations determine ¢,,H,,K, and y,. Let bar variables denote steady
states, and let hat variables denote log deviations from the steady state. Taking this
into account and using the log linearization rules, we obtain the following log-linearized
system:

0=y —z,—0K,— (1 -0)H,
0=5i+ (=8 4K~ Lo~ Lk
0=y —¢-H,

0= Et(él —Cu1 + ﬁe%();zﬂ _IA{HI))

(e) Note that the first three equations can be used to solve for y,,H; and ¢, in terms of
K, K. and z,. Using matrix notation:

1 0 —-(1-6) ¥, z,+ 0K,
1 -£ 0 ¢ | =| Lka-0-8LKk,
1 -1 -1 H, 0

This subsystem of equations has a solution as long as the matrix

1 0 —(1-9)

I -1 -1

is invertible. This matrix is the CC matrix in Uhlig’s program. That's why Uhlig’s
program requires the CC matrix be full rank and therefore invertible. After you solve
this subsystem, you plug the solution into the euler equation. This procedure simplifies
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a lot the solution because we end up with just one stochastic difference equation that
we can handle using the method of undetermined coefficients (MUC).

To illustrate once more how MUC works, | will solve the problem step by step | guess
you don’'t have to do this in the exam). First, lets compute the solution for the
subsystem (5.1)-(5.3). If you work on the algebra a little bit you will get (warning:
always check the algebra because | usually get it wrong):

y__ 1 [Kg 0 _(i _ K)J
A - [ Kig — L (oL+a-0K)k

T ALy Ty y T(1=o)5 )k
éﬁ=1_%5_;agkgy+a+9(y+a—5y§)kﬂ
ﬁpzl_b%_U—ﬂ)%kﬂr+%a+(9%—(1—@0—6}%)&&

where ¢/y is the steady state consumption-output ratio, i#/y is the steady state
investment-output ratio, and K/ is the steady state capital-output ratio.

To economize on notation, rewrite the above system as follows:

F[[ = h]Zt+h2k[+h3kt+1 (61)
ét = clz,+czf(t+03f(,+1 (62)
Vi =y12t+yzf<z+y3f<z+1 (6-3)
where
~ily -1 [ K Kly
hlE 1 - ;hZE 7 (97+(1_5)T);h35 7
1-01 0L \"y ¥ 1-01
__ 1 .. __0 ( KY.. _ 0Ky
Ci :—l_’C2: : 1+(1—5)T),C3:—l_
1- 97 1 - 9§ Y 1 - 97
cly -1 ( c I_{) (1-0)Kly
= — . = 07— 1—9 1—5 el =
N l_eéayz 1_0é ¥ ( )( )y V3 l—eé

Substitute (6.1)-(6.3) into the capital euler equation:
0= Ez|:C1(Zt —zi) + 2 (K=K ) + 3 (Kt =K ) + ﬂQ%(ylzm + 2K + y3Ki — f<t+1):|
= Ez[OtlZHrOCzZm + 03K, + aaK +055f<z+2:| (7)

where

26



a) = ci

oy = ﬂe%yl —ci

as = ¢

Qs = ﬂ@%(yz— I)+c3—ca
as = [39%)@-03

Conjecture that the law of motion of capital is of the form:
f(m =VYizZ:+ Vzkz
Substitute this conjecture and the law of motion of z into (7):
0= Et[alzt +a2(pzi+ €m1) + (Z3f<z + a4(ylzt + yzf{t) + s (ylz,+1 + yzkm ) :|
= [a1+a2p+yi(as+asp+y2as)]z+ [az + y2(as + (15}/2)]i<t
This equation holds in all ¢ if

ar+a2p+yi1(as+asp+y0s) =0

asz+y2(aa +asyz) =0
Note that we are using the MUC here because (9) is equivalent to:
0z + 0K, = [o01 + 02p + y1(@a + asp + yaas))z: + [a3 + ya(as + asy2)]K,
Solving for y, and v, gives:

Y2 = 2+“5|:—O{4 + Jas —4asas :I

. ap+azp
o4 + a5(p+y2)

Y1 =

In the case of the growth model, the solution is usually a saddle path. This means that
both y, are real, but one lies inside the unit circle and the other lies outside the unit
circle (in absolute value). It is at this point that the TVC comes into play. The TVC
requires that you pick up the y, that is smaller than one in absolute value. This

ensures that the law of motion of capital (8) is not explosive.

(f) The planner's problem can be decentralized if we assume that workers trade
lotteries specifying the probability of work. This lottery (remember that it is equivalent
to unemployment insurance) is the additional commodity. See Hansen’s HW4 for the

decentralization.
FALL 2002 - QUESTION 2
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(a) The household solves the following dynamic programming problem:

v(K, k)

max u(e) + B(K' K}

st ¢ = wK) + r(K)k — g(K)[K — (1 — 8)k]
K = G(K)

where ¢ is the relative price of investment goods.

The consumption goods producer solves the following problem:

max {Fl (K{,H/D - HK)K, - w(K)H};}

(K H1
The investment goods producer solves the following problem:

max {q(K)F? (K5, H)) - r(K)K, - w(K)Hj }
¥

(K.H)
A recursive competitive equilibrium for this economy is:
(i) A set of policy functions k'(K, k) and c(X, k) for the household
(i) A set of decision rules K, (K) and H',(K) for the consumption goods producer
(iii) A set of decision rules K%(K) and H,(K) for the investment goods producer
(iv) Pricing functions »(K), w(K) and ¢(K)
(v) A law of motion for the aggregate state X' = G(K)
such that
(1) Given (iv) and (v), (i) solves the household problem (1)
(2) Given (iv), (ii) solves the problem of the consumption goods producer (2)
(3) Given (iv), (iii) solves the problem of the investment goods producer (3)
)

(4) Markets clear:

Labor market: H’;(K) + HQ(K) =1
Capital market: K{(K) + KL(K) = K
Investment goods market:

K (K.K) = (1 - 5)K = F[K)(K), H5(K))]
Consumption goods market:  ¢(K,K) = F'[K|(K), H,(K)]

(5) Perceptions are correct:
K (K,K) = G(K)

(b) With adjustment costs we have that capital become sector specific. The state
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variables are (K;,K>) and (K,_,K,_,). Define K = (K,,K>) and K_, = (K,_,,K>_,). (Note
that the adjustment cost is in units of the consumption goods).

Household’s problem:

(K, K-1,k,k-1) = H]}ais{u(c‘) + pv(K' K, K, k)} (4)
G5
s.t.c= Wl(K,K_l) + Wz(K,K_l) + Fl(K,K_l)kl + I”Q(K,K_l)kz

—q(K, K- )k +ky = (1= 8)(k1 + k2)] —h( kkl ) B ( klz )

-1

K| = Gi(K,K)
K = G2(K,K 1)

Consumption goods producer problem:

(rpag;}{Fl (KLLHY) = (K K-)K] - wi(K.K-)H, } (5)
K Hy,

Investment goods producer problem:

max {q(K.K-)F? (K5, Hy) = ra(K.K-1)K) = wa (K, K1) H) ) (6)
b

(K, H,

A recursive competitive equilibrium for this economy is:

(i) A set of policy functions k| (K,K_1,k,k_1),k5(K,K_1,k,k_1) and c¢(K,K_1,k, k1) for the
household

(i) A set of decision rules K,(K,K_;) and H|(K,K_;) for the consumption goods
producer

(iii) A set of decision rules K} (K,K_,) and H,(K,K_,) for the investment goods producer
(iv) Pricing functions (K, K_1), r2(K,K_1),wi(K,K_1), w2(K,K_;) and q(K,K_;)

(v) Laws of motion for the aggregate states K| = G|(K,K_1) and K}, = G2(K,K_;)

such that

(1) Given (iv) and (v), (i) solves the household problem (4)

(2) Given (iv), (ii) solves the problem of the consumption goods producer (5)

(3) Given (iv), (iii) solves the problem of the investment goods producer (6)

(4) Markets clear:

Labor market: H’]’(K,K_l) +H’;(K,K_1) =1
Capital market: K\(K,K_)) = K, and K5 (K,K_1) = K
Investment goods market: K+ Ky — (1-8) (K1 +K>) = FP[KL(K,K_1), Hy(K,K_1)]
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Consumption goods market:
(K1 K K1) + () + (3 ) = PR GK Ko, H (K K )]

K>,

(5) Perceptions are correct:

,I(KaK—laKaK—l) = Kll = Gl(KaK—l)
ky(K,K-1,K,K_1) = Ky = G2(K, K1)

FALL 2002 - QUESTION 5

(a) First, it is convenient to make the model stationary. The procedure here will differ a
bit from the standard one-sector growth model because we have two types of
technological progress. Therefore, we cannot expect that all variables will grow at the
same rate along the BGP. Lets conjecture that along the BGP consumption will grow
at the rate g. and investment, hence capital as well, will grow at the rate g;.

Conjectures:
IL=0+g); Ki=0+g)Ky Ki=(1+g)'Ki; Ka=(1+g)Ka (1)
Ct = (1 +gc)té[ (2)

where the hat denote stationary variables.

Lets start with the capital goods sector. Since labor must be already stationary, we
have:

L= +y) " AKNEY
(L+g)'T = +y)"4:,((1+g)'Ki) "N
(1+g)'T = [A+y)' (0 +g) ] AKNEY
L=[A+y)" 0 +g) " J AN
This equation is stationary if
T+y)7"A+g)"" =1=g =7
Therefore,
I, = A;KNL

Now, lets use the law of motion of capital to make sure the growth rate of capital is
indeed g;:
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]t - KHI - (1 - 6)K¢
A +g), = A +g0)" Kt — (1 =8)(1 + g0)'K;

- 1+ ! - 1+ La
h- () areoka-a-o( 15 ) &

This equation is stationary if

1+gk
1+gi

=8 =8 =Y
Therefore,
I = (1 + gk - (1 - 8K,

Note that, since both K, and K;; are growing at the same rate, then the stock of capital
in the consumption goods sector K., must be growing at the same rate as well. Thus
conjecture (1) is correct.

Lets verify conjecture (2):
co=(1+y) P4 KNG
(1+ge) e = (1+7) P4 (1 +7:)'Ka ) 'NE?
(+g)'é=[(1+y) (0 +7)" JAKNE?
éo=[U+y)'A+7)"(0 +g)" ] 4KINE?
This equation is stationary if
(1+g) = A+y)’(U+7)"" = ge = (1+7)’'U+7.) " -1

The growth rate of consumption is a weighted average of the technological progress in
each sector. Finally, note that preferences also change when we detrend the model:

U= p'(loge, - An;)
=0

= D B'loggté, - Any)

t=0

= D Bllogé,—An) + Y _(Bge)'
=0 =0

Assuming that fg. < 1 we have:

_ ¢ A 1
U—;ﬁ(logc, An,) + s
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Without loss of generality we can ignore the constant term.

Planner’s sequential problem:

max iﬂ’[logét —A(Ne + Ni) ] (3)

=0
s.t. ¢ = AKINYO
L= (1+ 7)) (K + Kieet ) = (1= 8) (Ko + Kit) = AKGNE

The FOCs are:

(1 -0)AKIN = (1 —v)AKEN; (3.1)
04K NP = vA, KN (3.2)
(14 y)<gh = BOAKGANG +1-6) (3.3)

Equations (3.1) and (3.2) show that the marginal products of labor and capital are
equal across sectors. This must be true since there is no impediment to perfect
mobility. Equation (3.3) is the usual capital euler equation.

In the decentralized economy, we have the following decision problems:

Household’s sequential problem:

max iﬁ’[logé, — An,] (4)

=0
s.t. é[ = Wi + r[l}t - qt[(l + ’)/i)]}t-%—l — (1 - 5)]%1]

Consumption goods producer:

max {AJ%?;N&{G —WiNe — Vlkcl} (5)
KC[yN(f[

Capital goods producer:
max {thi]A{,V,N},_V - wNj — rtkit} (6)
Kit,Nit

Definition: a competitive equilibrium for this economy is an allocation
{éuni ki, Ney Nip, Kot K o ZO and prices {wi,7,q:}7, such that:

(i) Given prices, the household solves problem (4)

(i) Given prices, the consumption goods producer solves problem (5)

(iii) Given prices, the capital goods producer solves problem (6)

(iv) Markets clear:
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koo = Ky + Kot
n; = Niy+ Ng
AKLNG? = ¢,
AKINEY = (1+y Dkt — (1 - 8k

Note: this definition is slightly different from the recursive competitive equilibrium that
we are used to.

(b) There exists a steady state even if consumption and investment grow at different
rates. Since there are no distortions, it is easier to analyze the steady state by looking
at the planner’s solution. The equations that characterize the planner’s solution in
steady state are:

1—v &
vV N;
L+y; = B(vAK N +1-6)
¢ = AKINI
AKINT = (i +8) (K. +K:)
N = N.+N;

1-0 K.
N,

0

where the first equation is just the combination of (3.1) and (3.2), the second is the
euler equation, and the remaining are just the resource constraints. These 5 equations
determine the 5 unknowns: ¢, N.,N,K.,K;. (If you work on the algebra a bit you can
get the explicit solutions for each variable).

(c) Given that marginal products are equal to input prices in both sectors, the FOCs for
the firms imply:

qvAKINI™ = 1 = 04.K3INI0
g(1 = WAKN? = w = (1 — 0)AKONZ?
Therefore,

_ 04KIINIY (1 -0)AKINS
vAKTINT (1= v)A KN

(7)

(d) Since the ratio of marginal products (7) is not affected by the tax rate, | guess the
price of capital will not change in the long run.

(e) Suppose the tax is imposed in period 7. From this period on the household’s
budget constraint changes to:

(1 +1)é = wing + ek — [ (1L + vk — (1= 8k | + R, VE> T
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where 7 is the consumption tax rate and R is the tax rebate.
To gain intuition, let A, be the lagrange multiplier on the houshold’s budget constraint.
The FOC for consumption in period ¢ > T'is:

Uer = k;(l + T)

The left-hand side is just the marginal utility of consumption. The right-hand side is the
shadow price of consumption. This shadow price increases with the tax, which
discourages consumption. Try to figure out what happens with the other variables.

SPRING 2002 - QUESTION 1
(@)

Bellman equation:

V1, K,J) = max{ pfl = JGk = k1) = Lk - k1) + BEDv(GK',I)] } (1)
st.J =yJ+¢
p=a—-bfK+u
K = GK,J u')
u' = i.i.d with zero mean #

(b) A Recursive competitive equilibrium for this industry is:
(i) A policy function k = k(k-1,K,J,u)

(i) Exogenous prices p and J

(i) An industry wide stock of capital G(K,J',u")

such that

(1) Given (ii) firms solve problem 1

(2) Capital market clears:

(3) Firm’s predictions are correct:
G(K,J',u") = NK
(c) The FOC with respect to £ is:
J+d(k—k_1) = pf+ BE[vi(k,K',J")]
The envelope conditions is:

vilko, K,J) = J+dk—koy) = vi(,K',J) = J +dk — k)
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Substituting the EC into the FOC gives:

J+d(k—k_y) = pf+ BE[J +d(k — k)]

= pf+ ByJ + d(E[K'] - k)

Now use the equilibrium condition K = Nk to obtain:

J+d(§—%) =pf+ﬂ7=’+d(E[%}_%)

After rearranging terms and substituting for p we get the following euler equation:

E[[KH.[ - (2 +

This is a linear stochastic

Nb Nj N,
df? )K[ + K —(1- ﬂy)%]t + 7fut +a7f:| =

second-order difference equation.

To characterize the solution, a reasonable conjecture would be

Substitute the conjecture

Kt = Qo+ ath—l + ath + a3uU;

(3) and the law of motion of Jin (2) to get:

0= |:a0(a1—1—%)+a%p:|+|:l+a1(al— —%)JK”+

|:(12(Ot1 +)/—2—

%) —(I—BY)%JJ1+|:N7]F+(I3((ZI —2—%)}”

By MUC, a solution to this equation must satisfy

(%)

Use (4.2) to solve for a;:

a

We can verify that both

(Xo((Z]—l—%)-l-a%r:O

1+a%—a1(2+ szz ) = 0

(a1+y—2—%)—(l—ﬁy)% =0

N b
7f+a3(a1—2——Ndf2 ) =0

s o ) |

. Npf Nbf2 \?
=1+ 3 iJ(l-Fz—d) -1

solutions are real and positive. Additionally, one solution is
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larger than one and the other is smaller than one. To satisfy the TVC pick up the
solution smaller than one:

_ . Npf NbP2 \°
“‘—”7“/(”7) -1

Given this solution for a1, we can back up the other parameters:
aNf

_ 0
O 0 —a) N
—-(1 - By)N
_ 0
2 d(2 —a; —y) + Nbf? <
o3 = Nf 0

A2 —a) + NbfE

Note that the sign of these last three parameters make economic sense. First, we can
interpret ay as the average or the long-run stock of capital, which is positive. Second,
a, implies a negative relationship between the price of capital and the demand for
capital, as expected. Finally, a; implies that the capital stock is positively affected by
demand shocks, that is, when the price of output goes up the demand for capital also
goes up, and vice-versa.

SPRING 2002 - QUESTION 2
(a) First, get the per capita variables. Using the resource constraint:
ot (1+ Mk =y
The small letters denote per capita variables. Note that /, = 1/(1 + n)’, then
ci+ (1 +nkur = TkY
where T'; = [y(1 +n)%* 17",

Also, note that the discount factor becomes (1 +n). We need the condition that
B(l+n) < 1.
The Bellman equation for the social planners is:

v(k,T) = rr;{e}x{log(l“kg —(L+mk) + A +n)v(k',T")}
st. T/ = [y(1 + )%

(b) Along the BGP all variables grow at the same and constant rate g.
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¢ =g'é
k, = g’/Act
yi =gV
The hat variables denote the BGP levels of consumption, capital and output. These

variables are stationary and have a well defined steady state. Use the resource
constraint to pin down the growth rate:

., A N
glé+ (1 +mgtky = F,(g’k[>
¢+ (14 Mg = (Tig@ D)k

This is stationary if

1

10
g’ =1e[l+m™ g =1eg= (—(1 +7;/)1—0—¢ )

Therefore, along the BGP consumption grows according to

1
Crl _ Y 0
c (1+m) =

There is an equivalent way to pin down the growth rate of consumption. Remember
that CRRA utility functions are consistent with BGP. The log utility is just a special
case of CRRA. This means that we can use the euler equation to pin down g. The
euler equation for the planner’s problem is:

cé—tl = BOT ikl
Along the steady state BGP we have ¢, = g’¢ and k, = g'k. Hence,
g= ﬁe(rl+1g(9—l)t+1 )/}9—1

The LHS is already stationary. The RHS is stationary if I',;;g@ P! = 1, which gives
the same growth rate we got before.

(c) Let g be the price of land, and let v,w and r be the rental rate of land, labor and
capital, respectively. | will define the equilibrium in terms of each household member.
You could also do it for the entire household.

The household budget constraint is in per capita terms is:
cr+ ki + q:[ltﬂ - It] = w + 1k +vid;

The term /.1 — [, denotes net investment on land (land purchases).
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The Bellman equation for each household member is:

v(k,[,K,T',N) = rgzyx{logc + Bv(k',I',K',T'",N)} (1)
s.t.c = wK,I',N) + r(K,I',N)k + v(K,T',N)| - k' — qg(K,T",N)I'
K' = G(K,T',N)
I'=9I
N = (1+n)N

The firm’s problem is:

max {F(Kf')e(Nf')¢(Lf') 00 _ (K, T,N)L/ — w(K,T, N)N/ — r(K, F,N)K’[} (2)
KN LS

A recursive competitive equilibrium for this economy is:

(1) A set of policy functions k'(k,/,K,I',N), I'(k,[,K,I',N) and c(k,[,K,T,N) for each
member of the household

(2) A set of policy functions for the firm K/(K,T", N), M/(K,T",N) and L/(K,T",N)
(3) Princing functions v(K,T", N),w(K,T", N),»(K,T",N) and ¢(K,T",N)

(4) A law of motion for the aggregate endogenous state K’ = G(K,T',N)

(5) A law of motion for the aggregate exogenous state I'' = yI"

such that

(i) Given (3), (4), and (5) each member of the household solves problem (1)
(i) Given (3), (4), and (5) the firm solves problem (2)

(iif) Markets clear (for completeness | list all markets below):

Labor Services : N = N
Land Services : L/ = NZ(K L K,F,N) =1

b N’
Capital Services : K/ = Nk(K,#,K,F,N) =K
. 1 _ 1 ___n
Land . l (K, N,K,F,N) Z(Ka N,K,F,N) (1 +n)N
Output : Nc(K, %,K,F,N) + G(K,T) = T(K/(K,T,N))’ (V)

(iv) Aggregate consistency:
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SPRING 2002 - QUESTION 6

(a) I interpret the parameter ¢ as a preference shock, in particular a shock to leisure
(or to the supply of labor).

(b) To characterize the recursive competitive equilibrium let us first write down the
Bellam equation for the representative consumer:

V(K. 9) = max {w(K, ) + r(K, §)k ' = 95 + BEIW(L = K + 1, =k + .01} (1)
st. 1 =I(K,¢)
¢' > 0 is a random shock with some probability distribution
Note: Be careful when preferences are linear or quasi-linear. In the present case,
preferences are linear in consumption, which means that there can be corner
solutions. Let R' = ¥ + 1 — 6 denote the return on capital between today and tomorrow,

and let MRS.. = 1/B denote the marginal rate of substitution between consumption

today and consumption tomorrow. Note that consumption today and consumption
tomorrow are perfect substitutes (linear indifference curves). Then the following three
cases are possible:

MRS, >R = c=wl+rk=1i=0
MRS,. <R ' =>c=0=i=wl+rk
MRS, =R' = ¢ € [0,wl+rk] = i € [wl+rk,0]

The firm’s problem is:

max (A () = (K. 6 = K. 6K} @)

A recursive competitive equilibrium for this economy is:
(1) A set of policy functions I(K, k,¢) and i(K, k, ¢) for the household
(2) A set of policy functions (K, ¢) and ¥/ (K, ¢) for the firm
(3) Pricing functions w(K, ¢) and r(K, ¢)
(4) An aggregate decision rule I(K, ¢)
such that
(i) Given (3) and (4) the household solves problem (1)
(ii) Given (3) the firm solves problem (2)
(iif) Markets clear:

V(K,$) = I(K,K,9)

K(K, ) = k(K.K,$) = K
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(iv) The predictions are correct:
0 if% >r(K',¢)+1-6
i(K.K.9) = I(K. ) = AKK,$) P K™ i <r(K ¢)+1-6
e [0, 4K (K, §) ((K,$)) "] if & = r(K,¢)+1-3

(c) If ¢ is constant and if % = R' the economy could achieve a positive steady state.
The steady state capital euler equation in this case is:

- 1-0
| ]
1 _ eA(T) T1-8
B k

The labor euler equation is:

o1 — (I—O)A(

~l[=1

)9
Use (3) and (4) to solve for k and I:

:(1—9),4( AP )

g
5

~l

¢ 1-p(1-9)
7 (1—9)A( AP )%
¢ 1 - p(1-9)
(d) Ifko < k = % < R = all resources will be invested until % = R. On the other hand,
if ko >k = + >R = the economy will consume part of the available capital until

B

% = R. If investment can go negative, the convergence will be potentially slower in the

first case and faster in the second case. See what happens with the competitive
equilibrium.

(e) Consider again the case of a constant ¢ and % = R'. Now consider all the

equations that characterize the planner’s solution:

Capital euler equation : L = 04k% Gxilir)' 0 +1-6

B
Labor euler equation : ¢/, = (1 —0)Ak{(x,) " +1-6
Resource constraint : ¢; + kw1 = Ak (xi)' ™0 + (1 - 8)k;
Lets conjecture that along the BGP all variables grow at the same and constant rate g.

Now lets check if the above three equations satisfy this BGP. Using y, = g'y for each
variable y we get:
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% = 04K T O[O (1 + )] 4 1 -6

¢l = (1 —NAT[°(1 +y) ) +1-6
¢+ gk = AT [ (1 +y) 01 + (1 - 8)k

The same growth rate makes all equations stationary. The growth rate is g =1+7.
Therefore, in the steady state growth path that we conjectured we have:

1 _ 70-171-0
- =04k P+ 1 -0
B

ol = (1 -0)AkT0+1-65
e+ (1+y)k=AKT10 + (1 - 8)k
You can solve for ,¢, .

Remember from Hansen'’s lecture that CRRA utility functions are consistent with BGP.
Are linear preferences a special case of CRRA?

SPRING 2003 - QUESTION 2
(@)

Bellman equation:

I\ 1-o
st = e L |

A sequence-of-markets equilibrium for this economy is an allocation {c.k:} -, and a

sequence of prices {r;}, such that

(i) Given prices, consumers solve:

© —

max g
{eir o =0 Y
s. t. Cs + kH_] = }"tk[, Yt
ko is given

(i) Given prices, firms solve:

mk?x{Ak’,f— r,k’tf}, YVt

(iii) Markets clear:

ke = K, V1
Cs + kH_] = Ak[, V't
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A balanced growth path (BGP) for this economy is a growth rate g such that in the
long run all variables grow at this constant rate:

kt+1 _
k

Crrl

Cy =&

Y1l
ye &

To get g, use the above Bellman equation, compute FOC and EC, and combine them
in order to get the following Euler equation:

(Akt - kt+1)_0 = ,BA(Ak;H — k;+2)_6
Rearranging terms gives:

Ct+1 Ak — ko _ L
o Ak — ke B (Aﬁ) (1)

Therefore, along the long-run balanced growth path we have:

g=WUp"”
For g to be a BGP growth rate we require Ap > 1.
To study whether the BGP is reached instantaneously, consider (1) again:

Ak — ki L
ARl =K 4B) 7
Ay —F AP

Divide numerator and denominator of the left-hand side by &, and obtain:

A ket _ ke ket

kt kt kt+l _ L
L - up)
k[ kt

Given that in the short-run (or at date ¢ = 0), before reaching the BGP, the economy
can potentially grow at a rate that is not constant implies:

Ag: — 818t B L
- = A o
A—-g “p)

where g, = k..1/k, is not constant in principle but could vary over time. Rearranging the
above equation we get:

g = A-(B)* (4 -1) 2)

It is easy to check that (2) is strictly concave and converges to two possible steady
states, 4 and (Aﬁ)%, depending on the initial condition. As the next figure shows, 4 is
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a stable steady state and (Aﬂ)% is unstable. Additionally, it is easy to check that 4
does not satisfy the TVC, hence we can rule it out. Therefore, in the long-run the
economy must be growing at the rate (Aﬂ)% as suggested above. Since this steady
state growth rate is unstable, the economy has to reach it instantaneously, otherwise
there would be no BGP in the long-run (the economy would diverge).

g t+1 45 0

A+(4p)"°

/(Aiﬂ)”g | .

(b)
In order to write down the Bellman equation realize that c = 4k— k' and ¢_; = 4k_, — k.
There will be two state variables £ and &_;:

[A(k - ¢k_1) — (K — ¢k)]"™°

l-o

V(k71,k) = 1’1’}51)({ + ﬂV(k, k/)}

Combining FOC and ECs gives the following Euler equation:
A+ 24
1 __BU+9 i 3)

(co—dc1)®  (cw1 —de)®  (Cra— 1)
Multiply both sides of (3) by (cu1 — ¢c,)? to get:

(L0 )" — plas gy - gpra( Somfee ) @)

Ct _¢thl Ct2 _¢Ct+1

Use the fact that <2~ = g, and rewrite (4) as follows:

gici—ge \ B gici — ¢y ?
( - gt ) = pd+9) ¢ﬁ2A( 8igu1Ct — PgiCy )

This simplifies to
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(g0 222 ) — pea+ o) - gpa L 2L ) (5)

81— (b 8t g+l —¢
Along the BGP we have g, = g, = g,11 = g, Vt. Hence, (5) becomes:
24
g = p+e)- 2 (6)

Define ¢ = g° and rewrite (6) as follows:

G- PA+)g+dAp* =0
g - gu=Ap
gL =op

g = gu = (Aﬁ)j (7)
gL =(B)°

Solving for ¢ we obtain:

Hence,

Note that g, cannot be a BGP growth rate because g, < 1, which implies that the
stock of capital goes to zero as ¢+ -~ «. Therefore, we can rule g; out. Like before we
require Ap > 1 so that gy > 1.

My guess is that the economy does not have to reach the BGP immediately because
of the habit formation preferences. What do you think?

FALL 2003 - QUESTION 1

The Solow growth model without technological progress and population growth is
described by the following equations (all variables in per capita terms):

Production function : y, = f(k,)
Savings function : s, = sy, = sf(k;)
Law of motion of capital : k.1 = (1 —6)k, + i,
Resource constraint : y, = ¢, + i,

where f{.) satisfies the Inada conditions, and s € (0, 1) is the exogenous savings rate.
In equilibrium we have

St = i[ = Sf(k[)

Using this conditions and the law of motion of capital we get:
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kt+1 — kt = Ak[ = Sf(k[) — 5k1

In steady state Ak, = 0 and savings are just enough to recoup the capital that wears
out every period:

sfk) = ok

The following graph illustrates the long-run equilibrium, which is stable:

Sk, sf (k) ok,
fk)

il

sf (k,)

~.

(a) In the Solow growth model with subsistence consumption, the savings function
changes as follows:

. sv—y*) ify>y*
=
0 if y < y*

Now, the capital accumulation is given by:

sflk:) — sy* — ok, ify > y*
Ak[ = .
-0k, if y < yp*

There are several steady state candidates, depending on £*,y* and 6. The next figure
illustrates some of the candidates.
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Sk, sf (k,), f (k) 1(k,)
50kt
5lkt
5.k,
(k)

l;vu k

t

If £* is low enough, there could be multiple positive steady states, unique positive
steady state, or no positive steady state at all. For example, if the depreciation rate is
very high (8y), the only possible steady state is k= 0 (stable). In this case, the
economy is unable to save enough to keep up the stock of capital and goes to a sort
of "poverty trap" in the long-run. If the depreciation rate is not very high (6,), there
could be a unique steady state k", which is stable from above and unstable from
below. Finally, if the depreciation rate is very small (6, ), there could be multiple steady
states. In particular the economy could be in a low steady state ('), which is unstable,
or in a high steady state (¢""), which is stable.

If &* is very high, there could be no depreciation rate low enough such that the
economy reaches a positive steady state.

(b) Economies that start with a very low per capita capital may not sustain savings and
investment in face of the required subsistence consumption. For example, if
k' < ko < k", the economy will converge to k' in the long run (this is a sort of poverty
trap with positive stock of capital). It is also possible that the economy starts with an
even lower stock of capital, say k¢ < k'. In this case, the only feasible stock of capital
in the long run is zero.

FALL 2003 - QUESTION 2

(a) Draw the production function

46



_ _ _ 0
Y, A(k, — k) + Bk - 45

(b) Sequence-of-markets equilibrium

A sequence-of-markets equilibrium for this economy is an allocation {c.k} -, and
price {r,}7, such that

(i) Given prices, consumers solve:

such that
Cs+ k[+1 = V[k[, Yt
ko is given

(i) Given prices, firms solve:
BK, — ik} if k| < &/
max _ _ - -
Ak, =) + B — v, itk > ¥

Note that the marginal product of capital decreases as the production function
changes:

B ifk <k
ry = ) _
A<B ifkl>¥
(iii) Markets clear:
k{ = kIQVt
ct+ku =y, Vit
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(c) Bellman equation:

) = max, {Bk — k' + pv(k')} ifk <k
T maxp A=) + Bl K + po(k)y ik > R

(d) The steady state capital is k,; = 0. To see why, first compute the marginal rate of
substitution (MRS) between ¢, and ¢, and compare with the marginal return or
marginal product (MP) of capital:

| | <B ifk <k
MRSCthH - . -
B >A ifk, >k

Now consider the only two possible scenarios:

(1) 0 < ko < k = MRS < MP = the consumer prefers to consume zero in each period
and accumulate capital until k£, = k. When the economy reaches k£ we have MRS > MP
so the consumer prefers to consume all accumulated capital and invest zero from that
period on.

(2) ko > k = MRS > MP = the consumer prefers to consume all accumulated capital in
the first period and invest zero afterward.

Therefore, the consumer eats the stock of capital either in the future or today. In both
cases, the stock of capital is zero in the long run.

(e) Optimal law of motion

Bk, ifk, <k
ki = . -
0 ifk, >k

(e) Value function. Assuming the economy reaches « in finite time (say T periods), if it
starts with 0 < ko < k:

(BB)"'Bky ifko <k
v(ko) = . .
Bk if ko > k

FALL 2003 - QUESTION 4

(a) First, we need to detrend all variables. Conjecture that all variables grow at the
same rate along the balanced growth path, say x, = x,g’, where x, denotes the
detrended variables. Start with the resource constraint:

g'é, +g”1f<z+1 = z,(1 +7y)? (f(tg’)QN,l_e +(1 - 5)ktg’

Rearranging terms gives:
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(L)

t
o1 ) KON + (1 - 8)K,

Ci +gf<t+1 = Zz(
The problem is stationary if g = 1 + y. In this case,
é+ (1 +7)Ku = zKIN + (1 - 8)K,
Now, adjust the lifetime utility:

max By Y, Blog(é,(1 +7)) = v(n)]

t=0

= maxE Z B'[log(é;) — v(n,)] + Z p'tlog(1 +7)
=0 =0

= maxEo Y Bllog(é,) - v(n)] + ﬁl(olgf—ll;j)
=0

= max FE) Z B'llog(¢é;) — v(n,)] + constant
=0

From now on we can ignore the constant above. Additionally, and without loss of
generality, suppose the population have a constant unity mass, which implies
n=N,Vt.

The Bellman equation for the planner’s problem is:
V(z,K) = max{logé —v(n) + ﬂE[ V(z’,f(’) ]}
K',n
- nfg/ay;{log(zf(gnl‘g + (1=K - (1+7)K'") —v(n) + BE[V(z.K') ]}

—o?

t plogz +¢'

s .t. logz' =

The FOCs are:

K 1ng = BE[ V> (2K} ]
- (1 —Q)Az]%en‘e
&

= v'(n)
The envelope condition is:

A 0-1,,1-0
VZ(Z,K)Z 0zK né+l—5

Substituting the EC into the first FOC and rearranging terms gives:
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é/

_ (1-0)zK'n"
¢

L+y _ ﬁE( 0z K" 'n"° +1-6 )

V'(n)

These are necessary and sufficient conditions for a maximum because the opportunity
set is convex and the objective function is concave in both arguments. Note that v(.) is
convex, hence —v(.) is concave.

The planner’s problem can be decentralized as a competitive equilibrium because the
problem satisfies the conditions required by the Second Welfare Theorem: convexity
of opportunity set, concavity of objective function, and no distortions of any sort.

(b) Time series for z;:

To gain intuition, | will assume for while that v(n) is linear (remember that a linear
function is still convex) and that § = 1. In this case, we are able to obtain closed form
solutions for the policy functions. Remember from Hansen’s HW 4, Q3, that

ng = n
N 0 .
KH—l - It ( 1 + feﬂ )ZtKlGnl_e
_ op 016
Cy (1 T+ 0B )Z,K,n
Y[ = Z[ktefll_e

Taking logs gives:
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logn; = logn

logl, = log(%) + logz; + Qlogf{, + (1 -0)logn

. 0p - _
logé; = log(l - m) +logz; + 0logK,; + (1 —0)logn

Y, = logz; + 0logK, + (1 — 0) log7
It is straightforward to see from that in this case all variables, except labor, there is
positive relationship between the technology shock and all variables, except labor. In

another words, these variables are procyclical. Moreover, the size of the change is
one-to-one. Now, lets go back to the general model. The stochastic system of

equations is given by:
L4y = ﬁE’[(éftl )(9%+ 1 —5”
+ t+1

Y (nn’ = (1 —Q)z,k?
Ct
é+1, =Y,
I = (A +y)Ku — (1 -8)K,
Y, = z, K710

In the general model, investment becomes less volatile than in the example above
because of the undepreciated part of the capital, that is, investment no longer fully
adjusts to current shocks as it used to do in the example above. Additionally, labor will
no longer be constant but will change with the technology shock. In fact, labor has to
fall because the marginal product of labor falls with the shock. My guess is that (1)
output will fall more than labor, and that (2) consumption will fall more than
investment. To see the first claim, take the log of the FOC for labor:

logv'(n;) + Ologn, = log(1 — 0) + logZ, + OlogK, — logé;

In period ¢, the stock of capital is given (it was chosen in the previous period). Hence,
a fall in z, will reduce the left-hand side of the above equation in the proportion of
one-to-one. However, consumption is also falling, acting to counterbalance the fall in
z,. The effect of consumption is equivalent to a negative income effect on the labor
supply, meaning that workers will try to work a little bit more to compensate for the
income loss. Anyway, we know that overall labor has to fall because a decrease in z,
reduces the marginal productivity of labor, which discourages labor demand. How
much labor falls depend on the shape of the function v(n,). Output falls more than
labor because z, and n, are falling at the same time. To see this clearly just take the
log of the production function and remember that the current stock of capital is given:
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log Y, = logz, + 010gf(t + (1 —0)logn,

Try to show claim (2), using the euler equation:

where R..; = 0Y..1/K.1 + 1 — 8 is tomorrow’s return on capital.

(c) I think there is a typo in the question, v(n) should be written without the negative
sign because there is already a negative sign in the objective function. Anyway,
remember that a linear v(n) corresponds to the indivisible labor model, which delivers
large variations in the labor supply. Therefore, my guess is that linear preferences
overs leisure implies more volatility of the labor supply. One way to see this is to
consider the log of the FOC for labor again:

v(ng) = ¢n; :

log¢ + Ologn, = log(1 —0) + logZ, + OlogK, — logé,

logn; = l10g21+

0
v(n) = ¢n;
log(3nn?) + Ologn, = log(1 — 0) + logZ, + GIOgIA(, —log¢é;
logn, = ﬁlog2t+

Therefore, the effect of a decrease in z is smaller in the second case, ceteris paribus.

(d) This is abnormal. In fact, the pattern displayed by z in the previous figure does no
reflect variations along a normal business cycles. It resembles more a depression (I
guess this is Lee Ohanian’s question, meaning that the numbers for z are actual
numbers computed for the US Great Depression). In order to investigate this
phenomenon | would try to see what was going on in the main markets: labor market,
and capital markets. Cole and Ohanian argue that the cartelization of the labor market
by Roosevelt’'s policies kept wages artificially high and contributed to the persistence
of the Great Depression. Others, including Irving Fisher (1933), argue that the problem
was in the financial system (half of the banks failed during the depression, and
financial intermediation collapsed). Others argue that the problem was a wrong
monetary policy (too tight money supply, which reduced liquidity). Anyway, the
persistence of the Great Depression was probably caused by some big distortion
(which nobody fully understands yet) either in the labor market, or in the capital
markets, or both.

SPRING 2004 - QUESTION 2
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Bellman equation for the Planner’s problem:

v(k) = nl}ax{log(kanl‘“ — kY —n+pvk)}

A sequence-of-markets equilibrium for this economy is an allocation {c,k;,n.}_, and
prices {w., 7}, such that

(i) Given prices, consumers solve:
max > p'llog(c,) ]
{eeniy 2y ey
such that
C; + k[+1 = wWiin; + }"tk[, Yt

ko is given
(i) Given prices, firms solve:

max {K?Ntl_a — W[N[ — V[K[}, Yt
{Ki,Niy

Note: I'm using capital letters to denote firms’ choice variables.
(iii) Markets clear:
ny; = N[, Yt
k; - Kt, Vt
Cs + kH_] = k?n}_a,Vt

To find the steady state, use the Bellman equation, take FOC, envelope condition, and
find the euler equations:

FOC k' : m = Bv'(K) (1)

FOC ' % ] 2)
E o) = ek nl

Cle:v(k) = S5 (3)

Note: the maximization problem is well defined and there is no corner solution
because n € (0,1) by assumption.

Two equations describe the planner’s solution, the capital euler equation (combining 1
and 2) and the labor euler equation (2), respectively:

53



1 _p okt 1-a
kon'-o — k' kon't-o — k"
(1 -a)k*n™® |

kanl—a _ k’ -

In steady state we have:
1 = ﬂal_{a—lﬁlfa
(1 - a)k*n = k*n'* —k

Solving the first equation we get:

1

k= (ap)Tei

Substituting this into the second equation gives:

(1 -a)(@aB)T7 = (af)T7i — (aff) Teii

Solving for 7:

Substituting this into the equation for k gives:

T — +—(_ 1-a
=@ (=)
(b) Bellman equation for the Planner’s problem:
rgax{log(k“(en) T k) —n+ pulk,e) )

st. e =(1-08)e+n?

v(k,e)

If you solve this problem (for example, using value function iteration), you will find the
following laws of motion for labor, capital, and consumption:

l-«a
l1-ap
ki = aﬁk?(etnt)l_a

(1 —ap)ki(em:) e

This allocation will be the same across all people.

ny =

Cy

In the case of indivisible labor, n, = {0,1}, this is still longer true because the the
coefficient of risk aversionis o = 1.

Let =, be the probability of working full time, that is, =, = Pr(n, = 1). Let ¢;, be the
consumption when working full time, and let ¢, be the consumption when
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unemployed. Expected utility of an individual consumer becomes:

u(ci,cu,my) = m(logey, — 1)+ (1 — )(logez —0)

= 7'[;10g6'1t+ (1 —ﬂt)logczt—ﬂt

Remember from Hansen’s Problem Set 4 that by introducing lotteries we "convexify"
the problem and make decentralization possible. The (decentralized) problem of a
consumer is:

max Zﬁf[n,logcu + (1 —m,)logey — ]

=0
such that

TC1t + (1 — 77.';)02[ +kz+1 = Vtkz +W;[7Tzetl + (1 — 71'[)6[0] = l”tkt + WiTT i€

el = (1 —5)€[+7l't2

If you set up the Lagrangean problem (or the Bellman equation for the consumer) and
take FOC with respect to ¢i, and ¢, you will conclude that:

Clt = C2t = Cy

Therefore, regardless the individual state (employed, unemployed), each consumer
will consume the same amount, as in the previous problem. This is because
preferences are separable in consumption and leisure (and also because the labor
parameter in the utility function is normalized to one). For a more general class of
utility functions, for example, 110 (c?(1 =n;)""? = 1) for some 6 € (0,1), this result no
longer holds, since in this case agents would consume more when employed. As for
the labor supply, not the same people will be working in every period: they work with
probability 7, and don’t work with probability 1 — 7, although they still can have a flat
consumption as | said before.
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